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A new identity for real Lévy processes
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RisumE. — Etant donné un processus de Lévy réel (Z,), , de processus
maximal Z, = sup {Z; s £ t }, nous étudions les excursions du processus
de Markov fort Z, — Z, en dehors de zéro. Nous montrons que la loi
jointe de ((Z — Z)(& —), Z(&) — Z(£ —)) ou & désigne le temps de vie de
Pexcursion a une forme particuliérement simple, et nous en déduisons
la transformée de Laplace de Z, o T désigne une variable aléatoire expo-
nentielle indépendante de Z.

. INTRODUCTION

Let (Z),2¢ be a real Lévj process, with maximum process
Zi=sup{Z;;s<t}).

As is well known, Z, — Z, is a strong Markov process in (— o0, 0] (see,
for example, Bingham [7] p. 709); in this paper, we siudy the excursions
of Z — Z away from zero. The (excursion) law of most functionals of the
excursions of Z — Z are not explicitly calculable, but we show that the
joint law of (Z — Z)(¢& —), Z() — Z(£ —)) has a particularly simple form.
Here, £ is the lifetime of the excursion ; informally speaking, the second
random variable is the amount by which the excursion overshoots when Z
attains a new maximum, and the first measures where the excursion jumped

from.
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22 ) L. C. G. ROGERS

~ Using this, we can easily prove the identity.
-] -1
(1) EelZT==n[n44x+A4J PCZTedy)j ;4dx){1-e—1@+y>}]
(-~ ,0] -y

where T is an exp () random variable independent of Z, y is the Lévy
measure of Z, k.. is a non-negative real, Z, = inf { Z,; s <t}and Re 1 = 0.

This identity has already been exploited in Rogers {7}, The constant k.,
has the interpretation of the « upward creep » of Z, and in the final section
of this paper, we use (1) to deduce a number of results of Millar {6], who
first considered the problem of deciding when the Lévy process can creep

" upward.

2. EXCURSIONS
OF A LEVY PROCESS FROM ITS MAXIMUM

Let (Z).», be-a real Lévy process with characteristic exponent ¥ ; for
Res =10,
Ee'Z = exp ty(s)

(2) =expt { cs+ %aﬁsi + J (e — Dyl elx) -+ J (" —1—sx)(dx) }
Jxi=1 %

lx|<1

where ¢, o are reals, y a o-finite measure on R such that

J(lxlz A Dpldx) <o,

When J( | x| A 1)uldx) < oo, we can and shall re-express the characteristic

exponent as ‘
1
() Vo) = as 1+ Sads? + f(e“ —~ Dp(dx).
We define Z, =sup {Z,;s<t},and Z,=inf{Z;;5<t}.
The following is the analogue of a well-known {(and pictorially obvious !)
result for discrete time random walks (see, for example, Felter [2]). Tt plays

a crucial role in the Wiener-Hopf factorization, (see Greenwood-Pitman {4])
and in our own development.

DUALITY LEMMA. — Fix T > 0, Then the processes { Z,; 0 <t < T } and
70t €T ={Z —Zy , ;0t<T)
have the same laws.
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A NEW IDENTITY FOR REAL LEVY PROCESSES 23

Proof. — Both processes start at 0, and have cadlag sample paths, so
it is enough to show that for bounded continuous f;

E H JAZ)=E H SAAZ™)
i=1 i=1

where Al =27, — 7, ,0=1ty<t, <...<t,="T. Butthe jump times
of Z are totally inaccessible and at most countable in number, so P(Z¥=7%_
for all i) = 1, and the result follows immediately from the independence
and stationarity of the increments of Z.

Remark. — 1t is obvious that the statement of the duality lemma is true
for random times T independent of Z, and it is in this form that we shall
principally use it. '

The duality lemma allows us easily to deduce other consequences. In
particular, we have the following.

CorOLLARY 1. — Suppose 0 is regular for (— co, 0). Then
i) P(forsomet, Z, > 7, =7,})=0;
i) Pforsomet,Z, <Z,_ =27, )=0.
Proof. — Both parts follow once we can show for each T > 0, 6 > 0
P(forsome 0<t <, |7, —Z,_|>e Z_ =2Z,)=0.
By the duality lemma, this probability is the same as
P(forsome 0 <t < T, |ZF — Z¢ | > ¢, Z¥ < Z¥ for all u = 1)

since there is a discrete sequence (%9,20 of times when |Z} — 7% | > ¢
each a stopping time for the natural filiration of Z*,

(2%, —Z5;0<t<T —1,}

has the same law as the initial part of (Z,), 5. But as 0 is a regular for (— o0, 0)
(i. e. P {(inf{t;Z,<0}=0)=1), this implies that almost surely Z*,,<Z%
for some u > 0, completing the proof.

Remarks, — The first part says that whenever a jump of Z comes which
increases Z, the jump has to have started from below Z; the maximum
cannot increase by jumps which start from the maximum. The second part
of the Corollary says that all excursions of Z — Z from zero will exit
zero continwously. The example of a compound Poisson process with
upward drift shows that neither conclusion is valid without assuming 0
regular for (— oo, 0).

Vol. 20, n® 1-1984.
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Before stating the first main result, we set up notation. With a grave-
yard @ adjoined to R, we let V be the space of excursions of 7. — 7, ; the
elements of V are those maps p : [0, «c}) - Rwu { &} such that for some
O<égo,p)=>0fore> & piscadlagon [0, £, p{t) < Ofor0 < ¢ < &
Under the Skorokhod topology V is Polish, and we equip it with its Borel
o-fields. The positive £ appearing in the definition of p is called the excursion
lifetime of p.

It is important to realize that we do not insist that p(£)<0; although an
excursion of Z — Z hits zero at lifetime £, it may reach zero by Z jumping
across the level of its previous maximum, and we do not want to lose
the information about this jump. Indeed, we define maps g: V — (— o, 0],

gip) = pl& —)
"(py = p(&} — p(& )

which give us respectively the position of the excursion just before the
lifetime, and the jump (if any) by which the excursion is terminated,

Let us assume O is regular for (0, oc) for Z, so that 0 is regular for {0 ]
for Z — Z, and there exists a local time (L,),»,, 2 continuous increasing
additive functional of Z — Z whose set of growth pointsis { ¢; Z, — Z, =0}
a. s, and whose right continuous inverse A, is a subordinator. Moreover,
there exists a o-finite measure v on V, the excursion measure, such thal
7 — 7 can be decomposed into a Poisson point process with values in V
with characteristic measure v, as Ttd [5] proved.

Now introduce an exponential randoni time T, P(T > ) = ¢~ ™, inde-
pendent of 7, and kill Z at time T. We define the excursion measure v
of the kiiled process by

V({p €A, P €A P, 20, Eedl, })
=¢ "y({p, A, ..,p, 67, Eedt,})
vi({ peAy, ..., p EA, Eadt, D=ne " { p, eAy, . .., p A} ML,

where 0 < £, < ... <1, A;e B{(— w0, 0)).

Not only is the right continuous inverse A, of local time L, a subordinator
but, as Fristedt [3] shows, the process (A,, Y,) is a bivariate subordinator.
Here, Y, = Z{A)) = Z(A)). We let ¢ denote the bivariate Laplace exponent
of (A, Y));

and

E exp (— nA, — AY,} = exp { — id(n, 4} }
for y, 4> 0, t = 0. Fristedt presents an expression for ¢ analogous to the

Spitzer-Rogozin identity (see [3], Corollary 9.2, and Greenwood-
Pitman [4]). Here now is the main result.
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A NEW IDENTITY FOR REAL LEVY PROCESSES ’ 25

TuroreM 1. — Suppose 0 is regular for (0, co). Then there exists ¢, > 0
such that for 0 << — y < ¢,

V{p:ialp)edy, W(p)=0}) = nc,P(Zyedy)
V({p;alpyedy, (p)edt}) = ydie,P(Zy e dy)

Moreover, the constant ¢, satisfies
(5) e, = ¢ln, 0).

Proof. — Since the excursion law v is in some sense a limit as x 1 0
of the law of Z started at x < 0 killed when it enters R*, it makes sense
to investigate the process Z stated at x < 0. Lett = inf{u > 0; 7,0},
and let { = 1 A T. The key observation is that if g: R* — [0, 1] is any
measurable function (such that g(0, 0) = 0), then

)

LAl
M, = g(Zy, 2 Myoy — J; hZds

is a martingale, where for y < 0,
ol

h(y) = ngly, ¥) + J nldx)glx + v, »).

Accordingly, .
E*s(Z,, Z;..) = E"J WZ)dt = j
[¢]

(4
G,x, y) = Exl:j I{ngy]ds].
O

Hence by choosing g suitably we have immediately that for x <0,

PHZ, = Z,_ edy) = nG,{x, dy) (y <0
PYZ,_edy, 2, — Z, edi}) = )G fx, dy) 0< —y<t).

0

G,fx, dy)i(y) ,

- where

(6)

Now according 1o 1t8, under v", the excursion of Z — 7, once in {— oo, 0},
evolves just like Z killed at time &. Specifically,

0

Jvn(dp)f(pu-»‘-s: 0 =s= é - u)l{§>u} = J‘
v

Viip, e d)E*f(Z;0 <5 <)

for any bounded measurable function f on V, and any u > 0. Thus from (6)
it follows immediately that for 0 < — y <,

0

(N M{&>ualp)edy, ripedi}) = J Vi, € dx)G(x, dy)uldr)

Vol. 20, n* 1-1984,




26 L. C. G. ROGERS

But

— oD

[} 3
JA V"(pu € dx)Gn(xa y) - J;r"'r’(d.ﬂg)JA I(Pssy}ds »

so letting | 0, and defining G,(y) by
‘ ¢
(&) G,y = _[v"(dp)jl{pssy}ds <0,
v o

(7) and (8) yield immediately

Vi({p;alp)edy, H{p)=0}) = nG,dy).
Vi({p;alp)edy, rp)edt}) = p(d)G,(dy).

All that remains is to identify the measure G,, which we do with the aid
of the duality lemma.

Consider the random variable H = Z; — Z;. When less than zero,
it is the value of p(&) for the first excursion of Z — Z which is stillin (— co, 0)
at the lifetime. Thus from the description of the Poisson point process
of excursions,

©)

P(H < y|H < 0) = G,()/G0 ~)
However, it is clear from a picture that
H=2Z, -7, = 74,
so, by the duality lemma
PH<y|H<0)=PZf<y|Zt <0)

= P(Zy < y|Zy < 0).
Hence

(10) Gy(y) = PlZr < y)G,(0 —}/P(Zy < 0).

Now A, is a subordinator whose jumps are excursion intervals of Z — Z ;
it is also possible that A, might have some drift & = 0 (which is positive
iff 0 is not regular for (—0,0)), so the Laplace exponent ¢(x, 0} of A, is

(11) $01, 0) = bry + JV(dP)(l —e™™)
= by + ’?Gn(o -)
from (8). Hence G0 )
_ y AN — _ .
ML < 0) = Ty =G0 )tn, O,
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A NEW IDENTITY FOR REAL LEVY PROCESSES 27

which together with (10) identifies nG,(dy) as ¢(n, 0)P(Z; ¢ dy), as required,
The arguments just used to prove Theorem 1 also provide us with a
means of characterising more fully the bivariate Laplace exponent .

CoroLLARY 2. — Suppose 0 is regular (0, o). Then there exists k¥ > 0
such that for all ¢, 4 > 0,

(1), )=, 0)-+ K-+ p(n, 0) P@Tedy)f Hdn[1—e 4],
(~—¢0,0] =¥

Proof. — We begin by supposing also that 0 is regular for (— oo, 0).

By Corollary 1 (i), the maximum never increases by jumps which start

from the maximum, so the transform of the Lévy measure of (A,, Y,) is

JV(dp)(l — e 1)

and the Laplace exponent differs from this only by drift terms ; thus for
some b, k = 0,

o, A= by + ki + Jv(dp)(l — e“mﬁ-ﬂ.pg)
v .
= b‘f’] + J\v(dp)(l - eiiﬁ) + k/?. + Jv(dp)e_'lé(l _ e—lpt)
v v

= ¢ln, 0) + ki + f Wdp)(1 — e~ %)
v
from (11);

=gb(11,0)+kl+j

{— 0,0}

G,,(dy)ru(dx) [L— emie,

But G,(dy) = n~ 'y, O)P(Z; € dy), establishing (12), at least when 0 is
regular for (— oo, 0). To deduce (12) without this restriction, replace Z,
by ZM = Z + n"'W, where W, is a Brownian motion independent
of 7 ; for 2, () is regular for (0, o) and (— <o, 0). Then (12) is valid for Z"),
and Z® — Z; a. s, Z® — Z, a. s. for each r. Fristedt’s identity ([3].
Corollary 9.2) states :

¢y, A) = exp [J‘wt”ldtj {e ! —e ™ > PZ, edx)jl,
[0,00) '

0

so ¢y, 1) — oy, A) provided P(Z, = 0) =0 for almost all ¢t. But

P(Z, = O)dt > 0 only if Z is a compound Poisson proéess with zero
Q

drift, and this is ruled out by the assumption that 0 is regular for (0, o).

Vol 20, n® 1-1984,




28 1. C. G. ROGERS

Thus the left sides of (12) are converging to the correct limit, as is the first
term on the right. We show that the third term on the right of (12} converges
to the correct limit, which establishes the result. If ¢, # 0 {non-zero Gaus-

sian component) or if J( I x| A Dp(dx) = + oo (jumps of unbounded varia-

tion) then 0 is regular for {0, o) and (— oo, 0); see Rogozin [8]. Thus
the Gaussian part of /. must vanish, and its jumps must be of bounded
variation. But in that case the map

y J Hdx)[1 — €]
-y

is. lor each 1> 0, bounded and continuous, and Z¢ — Z; a. s. and
therefore Z§ — Z; in law. Convergence of the third terms on the right
of (12) follows immediately.

We exploit this in the next result. The characterization of the law of Z,
due to Rogozin (see Rogozin [8] and Greenwood-Pitman [4]) is well-
established ; we now present another identity which is every bit as useful
in practice.

THEOREM 2. — For any Lévy process Z, there exists x > 0 {depending
on #) such that for all 4, Re A > 0,
(13) Be v — L
7+ KA+ J P@Tedy)J pldx) {1 — e =t
-y

(—,0]

Proof. — Suppose firstly that 0 is segular for (0, o). Then
(14) Be™ 7% = g(n, 0/, A)

{See Bingham [/], Fristedt {3], or, for the excursion interpretation, Green-
wood-Pitman {4]), so (13) follows from (12) if we write & = nk/P(n, 0).
The case when 0 is not regular for (0, o) follows from the first by approxi-
mating Z, by Z, + n~'W, as before; we leave the details to the reader.

Example. — Suppose Z is spectrally negative (1 e. (0, o) = 0), and
— Z is not a subordinator. Then the identity (13) collapses to the well-
known result that Z; has an exponential distribution;

Ee’?T — pln — xs] ™! (Res=10)

What can we say about the parameter of the distribution? If is easy to
show under our assumptions that i is well defined in Re s > 0, and there

Annales de Plnstitnt Henri Poincard - Probabilités et Statistiques



A NEW IDENTITY FOR REAL LEVY PROCESSES 2%

exists a unique ¢ > 0 such that (o} = » (see, for example, Bingham [/]
§4). Now the classical Wiener-Hopf factorization of Z implies

- o= = H — KS
Eer = (Bestmy~1 = }
1 — Yls) o ls)
The left side is analytic and bounded in Re 5 > 0, so the right side is also.

But the denominator of the right side has a zero at o, so the numerator
must also vanish there; x = /5.

Example. — We shall assemble some well-known results to deduce
an attractive identity of Silverstein [¢] from Theorem 1.

Assume 0 is regular for (— cc, 0) and (0, o). Then the process Z — Z
has a local time process L™ with right continuous inverse A~ and, as
Fristedt [3] shows, (A, — Z{A[)) is a bivariate subordinator, whose
Laplace exponent we denote by ¢~ :

E exp (— nA; + AZ{A])) = exp (— t¢~(n, ).
Silverstein establishes the formula
re
(15) jv(dp)( 6_""””*615) =1/~ A).
v Jo

For us, the left hand side of (15) is

rs
jv”(dp) ey = J G, (dy)e®
v JO (—,0)

by definition of G, ;
= 1™ ¢(n, OEe%t

1G(dy) = ¢l OYP(Z; € dy)

and P(Zy = 0) = 0, because 0 is assumed regular for (— oo, 0.
Further, as in (14)

since

Be’2T = ™ (n, 0)/9™ (1, 2)
so that the left side of (15) is

b, O™, 0 (n, A)

and Silverstein’s formula is prbved, since ¢(n, 03 (n, 0} = # (sce Bingham
[7]p. 713).:

Remark. —— We could have advanced backwards through the above
argument to deduce part of Theorem 1, but it does not seem so natural!

Vol. 20, n® 1-1984.




30 L. C. G. ROGERS

3. CREEPING OF LEVY PROCESSES

As an application of Theorem 2, we show how to deduce a number

of results of Millar [6] on the creeping of a Lévy process. Millar poses
the question, « If T, = inf {r > 0; Z, > x }, x > 0, when is

P(Z(T,) = x) > 01».

As Kesten observed, this is equivalent to deciding whether the subordi-
nator Y, = Z(A,) has a positive drift ; intuitively, the problem is to deduce
whether or not a Lévy process can « creep » across new levels, or whether
it must jump over,

Now, by Theorem 2, for Re s = Q,

(16) BB — iy — rers + 3917,

where

7409 = medx)(l — e

- r P(ZTedy)jwp(dx)[l Y A

— w0 -y

This follows from (13); notice that, since y, is a Lévy measure on (0, o),
P.(8) =o(|s]) as |s| - oco. Similarly, there exist kx_ > 0, and a Lévy
measure y_ on {— oo, 0} such that

an Be'®* =y + x5+ 7)1 -

To decide whether or not x. > 0, we may suppose that u is supported
in [~ 1, 1]; indeed, as Millar shows, by throwing away the big jumps
of Z we obtain a Lévy process which agrees with Z up to the time of the
first big jump, and the creeping of Z is decided by the behaviour of the
process before this time (see Corollary 3.4 of Millar’s paper). We shall
thus assume that g is supported in [— 1, 1}, and that the characteristic
exponent of Z is .

(18) W(s) = es + %O’%Sz + J p(dx)e™ — 1 — sx).

Jxj=1
Now the classical Wiener-Hopf factorization of Z,

Ees?"Bes?™ = nin — (sH ",
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can be immediately re-expressed in terms of (16), (17), and (18); cross-
multiplying gives
(19) 7%+ e — 1) — 5% ke + N TS + 74 T ()

— 510 F) s 540 + 74 5-()

1 .
=n? —nes — 5?70382 - nJ:u(dx)(e” — 1 — sx).
We deduce immediately the following result.

CoroLLARY 3, — The Lévy process has positive creep in both directions
iff it has non-zero Gaussian component, Specifically,

2
KiK_ = —Hog.
2

Proof. — Divide ecither side of (19) by 5%, and let [s! -~ oo, This is
Theorems 3.3 and 3.5 of Millar '[6 ]. Developing (19) further, we have,
on integrating by parts,

T = — s j 7 +(x)edx
0

= — sT.(0) — 52 f Uy (e’ dx

Q

where 7, (x)=7.((x, oc)), and T (x)= j v+ (u)du, both vanishing on (1, o).

X

Likewise, integrating by paris in the characteristic exponent,

1 1
j wdx)e™ — 1 — sx) = SJ‘ o (x)(e™ — Ddx

0 0

1
= sz[ M, (x)e™dx
0

[<4]

where 7i.(x) = plx, 0)), M{x) = j B (u)du.

X

Returning this to (19), and identifying measures with the same Fourier
transforms, yields the fundamental identities

200 9 [c=x,—k.+T.0)—I_©0)
200 i) < M (x) = 0 (x) + Koy () +glx) (x> 0)
(20) @) | qML(x) =T (x) + x.y-(X) + glx)  (x < 0)

where g(x) = (7, ¥_)(x) is the convolution of §, with y_,

Vol. 20, n* [-1984. 2




32 L, C. G. ROGERS

These identities are rich in consequences, only a few of which are explored

here. For example, if ¢4 =0 and jlx | whdx) < oo, then
jx}u(dX) = M..(0) - M_(0),

s0 using the alternative form (3) of ¥,
na = k401 + 7-©O) — ©_01 + 7.+(0).

The following result is now immediate, since at most one of x;, ¥ _ can
be non-zero if g, = 0 (Corollary 3).

COROLLARY 4, — Suppose g, = 0, J( tx] A Duldx) < co. Thenx, >0
iffa>0,and k.. >0ifa<0.

We turn now to the final case, where ¢y = 0, J{ [x} A Dp(dx) = + oo,

Here, no complete characterisation is known, but we have the following
result.

THEOREM 3. — Suppose a, = 0.

0

NI jm(ixl A 1)u(dx)<j (1x] A Dypdx)=+ oo,

—d

thenrc, > 0 =1_.
w 0
if) If J. (1xj A l)u(dx):j {|x| A Duldx)= + oo,

then
M_(— x)

<o = Ky =0.
M. {x)

(21) lm;i%up
Proof. — i) The monotone limit
’ 0
lim g(x) = Iim f R Ayl — vy

0
= j 7 (— ydy

exists and is the same as 1i%13' g(x). From {20) (i), since M, (0 +) < oo,
it follows that the limit of g(x) is finite; but we suppose M_(0 —) = oo,
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which can only happen if x, > 0. By Corollary 3, since oy = 0, we deduce
. =10

ii) Suppose x; > 0. We show lim sup M_(— x)/M ,(x) = + co. Firstly,
h'lrg P.{x) = liTn[} ¥x) = + oo, forifnot, g(0) < co, and, by (20) (i), M {0 +)

would be finile, contradicting the assumption. Secondly, since I' (0}, T _(0)
are finite, (20) (#)-(ii) yield '

lim fof M. (/M (= x) = lim inf 6 (15 (— ) + g~ %))
< lim fnf g0y, (— ),

so it is enough to prove limi (i)nf gxfy.(—x)=0

If false, then for some & > 0, for all small enough x

glx) = J 7y (x — wdu > 5y _(— ).

— o0

However,
1 —X
= P (w)y (¢ — u)du
(= X))o
0 = [ 0 5 (_
- J TEXt Dy 0 — iy < f Xt Ve oy
— . ’)),(— .X) —w 'P—(— )C)

since ¥, 1is decreasing ;
-0 asx | 0

by dominated convergence. So we may suppose that for all small enough x.

0
(22) J V-7 +(x — wdu = 0y (— x).

i

Integrate both sides with respect to x; the left side is
(] 0 Q € )
(23) de,[ Y-y +(x — wydu = _[ V—(u)duj Y+lx — wydx
0 X -E —u

] E—u 1] 2. 0
= J‘ ?_(u)duj o (0)dt < J ?_(u)duj Yy (tdt < 5J v _{w)du

it —2Zu - 0 —€

for £ small enough.
Q

The right side is 5J y_(uw)du, which is a contradiction of (22), (23).

—&

Thus hml (1;11f gx)v_(— x) = 0, and the Theorem is proved.

Vol. 20, n* 1-1984.




34 L. C. G. ROGERS

Remarks. — a) Qbviously the companion to statement (i), with the inte-
grability conditions on u,, y_ interchanged, is valid

b) The second part includes Millar’s Theorem 3.7.

¢) The condition of the second part is sufficient for x, = 0, but cannot
be necessary. Indeed, if it were so, we would have to construct a Lévy

measure p for which :
M_(— M _{-
0= liminfM<limsupJ= + oo
M. (x) M.

and then x , and x_ would both have to be positive, contracting Corollary 2.
The reader will be able to manufacture such M, M_ with no difficulty.
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