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The Lucas model.

• output process (yt)t≥0 ;

• single representative agent, preferences

E
X

t≥0

βtU(ct). (1)

Enter period t holding θt, change to θt+1 at price St, and consume

ct = θt(yt + St) − θt+1St

Lagrangian solution:

βtU ′(ct) = λt, λtSt = Et
ˆ

λt+1(yt+1 + St+1)
˜

plus market clearing:
ct = yt

leads to equilibrium prices

St = Et

»

X

j≥0

βj U ′(yt+j)

U ′(yt)
yt+j

–

, Bt = βEt

»

U ′(yt+1)

U ′(yt)

–

.
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Simplest example:

• U ′(x) = x−R;

• ξt ≡ log yt − log yt−1 are IID; In this case,

St = Et

»

X

j≥0

βj U ′(yt+j)

U ′(yt)
yt+j

–

= ytEt

»

X

j≥0

βj

 

yt+j

yt

!1−R –

= ytEt
ˆ
X

j≥0

βje(1−R)
Pj

i=1
ξt+i

˜

=
yt

1 − βE( exp{(1 − R)ξ1} )
,

Bt = βEte
−Rξt+1 = βEe−Rξ1 .

• bond price is constant!

• stock price is only finite if βE[ exp{(1 − R)ξ1} ] < 1.
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The (Mehra-Prescott) equity premium puzzle.

Gathered data on

• growth rate of real consumption ( ξt );

• real return on government bond ( − log Bt);

• real return on stock index ( log(St/St−1) );
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Mehra-Prescott ctd ...

(www.academicwebpages.com/preview/mehra/resources/index.html)

• Return on govt debt varies ... so M&P model ξt as a 2-state-Markov chain.

• Found that if R ∈ (0, 10) and β ∈ (0, 1), then risk premium (= mean return on
equity - mean return on bond) is at most 0.35% ...

...but historical is 6.9% !!

This is the equity premium puzzle. (EPP)

Fisher Black calculated that R = 55 would resolve the EPP ... but consensus
seems to be that R ∈ (1, 6) is reasonable range ...
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A thought experiment in risk aversion.

Suppose you are offered the chance to gamble your life savings on the toss of a
fair coin; If it lands H, then your life savings are doubled, otherwise your life
savings are multiplied by θ ∈ (0, 1).
By considering how high θ would have to be to persuade you to take this
gamble, you can work out your coefficient of relative risk aversion R:

R vs theta

theta

R

0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95
1

2

3

4

5

6

7

8

9

10
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Possible solutions to the EPP?

• Change the law of the process : Cecchetti, Lam & Mark (JME 93), Rietz (JME
88), Mehra-Prescott (JME 88), Tsionas (RES 05), ...

• Hidden unobserved variable: Brennan & Xia (JME 01), Veronesi (JF 00, RFS 99),
...

• Change the preference structure : Constantinides (JPE 90), Epstein & Zin (JPE
91), ...

• Multiple agents : Constantinides & Duffie (JPE 96), Weil (JME 89), ..

• Market segmentation : Mankiw & Zeldes (JFE 91)

• Survivorship bias: Brown, Goetzmann & Ross (JF 95)

• Borrowing constraints: Constantinides, Donaldson & Mehra (QJE 02)

• Liquidity premium: Bansal & Coleman (JPE 96)

• Leverage effects: Benninga & Protopapdakis (JME 90), Kandel & Stambaugh
(RFS 90)

• Taxes & regulation: McGrattan & Prescott

Kocherlakota (JEL 96) and Mehra & Prescott (Handbook of the Economics of Fi-
nance 2003) can’t endorse any of these alternatives ...
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• Multiple agents : Constantinides & Duffie (JPE 96), Weil (JME 89), ..

• Market segmentation : Mankiw & Zeldes (JFE 91)

• Survivorship bias: Brown, Goetzmann & Ross (JF 95)

• Borrowing constraints: Constantinides, Donaldson & Mehra (QJE 02)

• Liquidity premium: Bansal & Coleman (JPE 96)

• Leverage effects: Benninga & Protopapdakis (JME 90), Kandel & Stambaugh
(RFS 90)

• Taxes & regulation: McGrattan & Prescott

Kocherlakota (JEL 96) and Mehra & Prescott (Handbook of the Economics of Fi-
nance 2003) can’t endorse any of these alternatives ...
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The 20’s example

You see daily prices on a stock with µ = 20%, and σ = 20%, and you want to
observe for long enough that your 95% (=19/20) confidence interval for the
parameters is good to 0.01 (= µ/20 = σ/20).

How long must you observe to obtain this precision in your estimate of σ ?

ANSWER: About 11 years.

How long must you observe to obtain this precision in your estimate of µ ?

ANSWER: ALMOST 1600 YEARS !!

Conclusion: We must treat µ as unknown, and infer it from the observed prices.
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The Bayesian approach, Part I.

We shall return to the Lucas model and change ...

... NOTHING !!

We shall even assume ξt ∼ N(µ, τ−1) ... but we shall not assume that the
agent knows (µ, τ).
Agent’s prior density is

π0(µ, τ) ∝ ϕ(µ, τ)τα0−1e−b0τ e−
1
2

K0τµ2√
τ ,

For now, think ϕ ≡ 1, so we have a Gamma-Gaussian prior. Prior updates to
posterior

πt(µ, τ |ξ[1,t])

ϕ(µ, τ)
∝ τα0−1e−b0τ e−

1
2

K0τµ2√
τ . e−

1
2

τ
Pt

k=1
(ξk−µ)2τ t/2

∝ ταt−1e−btτ e−
1
2

Ktτ(µ−mt)
2√

τ

≡ π̃t(µ, τ)

where αt, bt, Kt depend on α0, b0, K0 and ξ[1,t]. Same form as before:

τ ∼ Γ(αt, bt), µ|τ ∼ N(mt, (Ktτ)−1).
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Bayes ...

So (writing ν = R − 1, assumed positive (wmlog) )

St = ytEt
ˆ
X

j≥0

βj exp{ −ν

j
X

k=1

ξk }
˜

= ytEt
ˆ
X

j≥0

βj exp{ −νjµ + ν2j/2τ}
˜

= ytEt
ˆ
X

j≥0

βj exp{ −νjmt + ν2j2/2Ktτ + ν2j/2τ}
˜

... and this is INFINITE! If we knew (µ, τ), then

St =
yt

1 − βE( exp{−νµ + ν2/2τ} )

which is finite iff (µ, τ) ∈ A ≡ {(µ, τ) : log β − νµ + ν2/2τ < 0}. For this reason,
we choose

ϕ(µ, τ) ≡ e−c/τ2

(1 − βe−νµ+ν2/2τ )+.

We therefore have

St = ytft(ξ[1,t] ; β, R, α0, b0, K0), Bt = gt(ξ[1,t] ; β, R, α0, b0, K0).
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The Bayesian approach, part II.

Econometrician sees

Yt ≡

0

B

B

@

Y 1
t
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where εi
t ∼ N(0, vi) . . .

that is, observations from a model parametrised by

θ = (β, R, α0, b0, K0, v1, v2, v3),

so now we have to do inference on this model . . .

COMPUTATIONAL BAYESIAN APPROACHES:
• Metropolis-Hastings MCMC?
• particle filtering?
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Particle filtering

• Markov process (Xt) with known transition density p(·|·)

• see (Yt), Yt|Xt ≡ (X0, . . . , Xt)T ∼ f(·|Xt)

• approximate the posterior πt by

π̂t =
N
X

i=1

wi
t δxi

t
,

• exact updating

P (Xt+1 ∈ A, Yt+1 ∈ B|Yt) =

Z

πt(dx)

Z

A
dx′

Z

B
dy p(x′|x)f(y|x′)

P (Xt+1 ∈ A|Yt+1) =

R

πt(dx)
R

A dx′ p(x′|x)f(Yt+1|x′)
R

πt(dx)
R

dx′ p(x′|x)f(Yt+1|x′)

approximated by selecting descendent xi
t+1 of xi

t according to p(·|xi
t), and

then
wi

t+1 ∝ wi
t f(Yt+1|xi

t+1).
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Particle filtering: issues

• Impoverishment? Resample periodically .... ?

• Estimation? The process X̄t ≡ (Xt; θ) is Markovian ... ... but the initial
values of θ never change ... ... approximate posterior by

π̂t =
N
X

i=1

wi
t pε(x

i
t, ·)

- gives the particles a little shake, and lets the data move the parameter where it
should be (simulated annealing!)

• Introduces slight bias, but can always run the PF again at the end...
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Priors.

Pick the parameters (β, R, α0, b0, K0, v1, v2, v3) independently according to:

• β ∼ B(30.7, 2.635) ( P (β < 5/6) = 0.05 = P (β > 0.98));

• R ∼ 1 + Z1 + Z2, Zi ∼ exp(1) (P (R > 5) = 0.09, P (R > 6) = 0.04);

• α0 ∼ U(0.02, 20);

• b0 ∼ U(0.01, 2);

• K0 ∼ U(5, 80);

• v1 ∼ (Z1 + Z2)v̄1/2.5 (P (v1 > v̄1) = 0.33, v̄1 = 15 × 10−4);

• v2 ∼ (Z1 + Z2)v̄2/4 (P (v1 > v̄2) = 0.1, v̄2 = 35 × 10−4);

• v3 ∼ (Z1 + Z2)v̄3/4 (P (v1 > v̄3) = 0.1, v̄3 = 273 × 10−4);
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Results.
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Figure 1: Posterior density for β
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Figure 2: Posterior density for R
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Results.
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Figure 3: Posterior densities for v1, v2 and v3, measured in bp. Original SSQs for first
variable is 12.86 bp, for second is 35.04 bp, and for third is 273.6 bp
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Conclusions.

There are doubtless features of the data that are not well explained by the
simple Lucas model ...

.. but the apparently large value of the equity premium is not one of them, once
you acknowledge and properly handle the enormous uncertainty in the rate of
return of the stock index.
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