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Abstract

In the style of Rogers (2001), we give a unified method for finding the
dual problem in a given model by stating the problem as an unconstrained
Lagrangian problem. In a theoretical part we prove our main theorem,
Theorem 1, that shows that under a number of conditions the value of the
dual and primal problems are equal. The theoretical setting is sufficiently
general to be applied to a large number of examples including models with
transaction costs, such as Cvitanic & Karatzas (1996) (which could not be
covered by the setting in Rogers (2001)). To apply the general result one
has to verify the assumptions of Theorem 1 for each concrete example. We
show how the method applies for two examples, first Cuoco & Liu (1992)
and second Cvitanic & Karatzas (1996).

1 Introduction.

In recent years, there has been a great deal of interest in portfolio optimisation
problems of various kinds. The problems are outgrowths of the classical optimal
investment/consumption problem dealt with in various forms by Merton (1969),
Cox & Huang (1989), Karatzas, Lehoczky & Shreve (1987), and deal with a range
of issues where the portfolio may be restricted in some way (Cvitanic & Karatzas
(1992), Cuoco & Liu (1998) Xu & Shreve (1992) ), or where the objective may be
to super-replicate some contingent claim while observing a portfolio constraint,
for example, that the holding of the money-market account should never be below
some fixed value. See Cvitanic & Karatzas (1993), Cvitanic & Karatzas (1996),
Karatzas & Kou (1996) for such papers. We should also mention the work of El
Karoui & Quenez (1995) on pricing in incomplete markets.

A common theme of all these papers is to take the original problem, which involves
a maximisation over a class of policies, and restate it in terms of the ‘dual’
problem, which involves a minimisation over some family of measures. Now in
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most of these examples, it turns out that by stating the problem as a suitable
unconstrained Lagrangian problem, the ‘dual’ problem does indeed turn out to
be as given in the paper, though there is no explicit appeal to the Lagrangian
method in any of the papers under consideration.

Rogers (2001) presented a unified methodology for deriving the dual problem
from the primal, which works in an almost mechanical way on a vast number of
examples. The essence of the methodology is to view the stochastic dynamics of
the controlled system as constraints, just as in the Pontryagin approach, com-
pare also Bismut (1973), (1975). Introducing a Lagrangian semimartingale, the
constraint is absorbed into the Lagrangian form of the problem, converting the
left-hand-side by integration by parts, and then an unconstrained maximisation
is performed over the variables of the problem (in many typical examples, these
would be the consumption rate ¢; and the wealth process X;). Since this max-
imisation is typically achieved by maximising individually for each ¢ in the time
set, it is usually easy to do in closed form, and the resulting dual problem, of
minimising over the dual variables, is the dual problem we seek. This approach
illuminates the origins of the dual problems, which previously have seemed to
arise as the result of some computations starting from the solution.

Having found the dual problem, it remains to prove that the values of the dual
and the primal problems are indeed equal, and this is typically where the hard
work lies. A general theorem is presented in Rogers (2001) which covers many of
the one-dimensional examples from the literature?.

However, the example Cvitanic & Karatzas (1996)° shows that a formulation
broad enough to embrace problems with transaction costs has to consider vector-
valued asset processes; it is not sufficient to consider the aggregate wealth of
the investor. In the present paper we close this gap and formulate a setting
general enough to cover the transaction costs example of Cvitanic & Karatzas
(1996) as well as all problems that were already covered by Rogers (2001). The
method is sufficiently general not only to cover the two—dimensional example of
Cvitanic & Karatzas (including one stock and one bond) but that it could cover
also models with transaction costs with d assets, for example Kabanov & Last
(2002) and with utility Deelstra, Pham & Touzi (2001). However, one has to
verify the conditions of Chapter 3 for each problem and in particular condition
(XY) can be quite a challenge. Moreover the method cannot only be applied
for diffusion models but for general semimartingale models, compare for instance
Rogers (2001), Example 3: Kramkov & Schachermayer (1999).

In the present paper we illustrate the methodology of finding the dual problem

41t should be emphasised that the residual difficulty of the problem often lies in the verifi-
cation of the hypotheses of this theorem.
®See also Cvitanic & Wang (2001) where this example was further analyzed.



in full detail for the example Cvitanic & Karatzas (1996). We also present the
example Cuoco & Liu (2000) but will refer to Rogers (2001) for details which were
already presented there. We will verify for these two examples the conditions
that are necessary for our main result, Theorem 1 below. Theorem 1 proves
that under certain conditions, the value of the primal problem, expressed as a
supremum over some set, is equal to the value of the dual problem, expressed as
an infimum over some other set. We emphasise that the Theorem does not say
that the supremum in the primal problem is attained in the set, because such
a result is not true in general without further conditions, and is typically very
deep: see the paper of Kramkov & Schachermayer (1999). A further condition on
the utility is needed in general to deduce that the value of the primal problem is
attained. The result presented here is at its heart an application of the Minimax
Theorem; the argument owes a lot to the argument of Kramkov & Schachermayer
(1999) but also needs a certain amount of careful convex analysis.

2 Two examples and their dual formulation

Throughout the paper we use x -y to denote the scalar product of two vectors.

2.1 Example 1: Cuoco-Liu (2000)

The paper of Cuoco & Liu (2000) presents a constrained optimisation problem.
The formulation is sufficiently general to include as special cases the problems
considered in Cvitanic & Karatzas (1992, 1993), El Karoui, Peng & Quenez (1997)
and Cuoco & Cvitanic (1998).

THE PROBLEM. In an economy with finite time horizon 7" > 0, n risky assets
St ..., 8" and a single riskless asset, the wealth process (X;)o<;<r of an agent
satisfies the dynamics

dXt = Xt [Ttdt+7Tt' {Utth+ (bt—rtl)dt}—l—g(t,ﬂ't)dt —Ctdt, X(] =, (1)

where the various processes have conventional interpretations: r is the riskless
rate of return, W is an n-dimensional Brownian motion, b is the n-dimensional
rate-of-return process, related to the risky assets by

dS; = S}(atdW, + bidt), i=1,...,n,

7 is the n-dimensional portfolio proportions process, and the adapted process
¢ is the rate of consumption. The symbol 1 denotes the n-vector all of whose
components are 1, and the initial wealth x( is given.



The dynamics (1) are completely conventional, apart from the term involving g,
which introduces non-linearity in the following way. We require that the function
g:[0,T] x R" x 2 — (—o00, 00) satisfies the conditions

(i) for each x € R", (t,w) — g(t,x,w) is an optional process;

(i) for each t € [0,7] and w € Q, x +— ¢g(t,z,w) is concave and upper semi-
continuous.

(iii) g(¢,0,w) =0 for all £ € [0,T] and w € 2.

As in Cuoco-Liu we make the following boundedness assumptions:

AsSUMPTION (B): b, 7, ¥ = goT, X! are all bounded processes, and there is a
uniform Lipschitz bound on g: for some v < oo,

lg(t,z,w) — g(t,y,w)| < ~v]z—y|

for all x, y, t and w.

We shall habitually omit the third argument from appearances of g. The agent
is free to choose a portfolio proportions process 7 and a consumption process ¢
with the aim of maximising the objective

E[/OTU(s,cs)dHU(T,XT) , 2)

where we assume that for every ¢ € [0, 7] the map ¢ — U(t, ¢) is strictly increas-
ing, strictly concave, and satisfies the Inada conditions®. This last assumption
means that the utility of negative wealth must be —oo, so only non-negative
wealth processes X and consumption processes ¢ are admissible. We shall some-
times write U(c) for U(t, c).

THE FIRST STEP: IDENTIFYING THE DUAL PROBLEM. As was explained in the
introduction, we now regard the dynamics (1) as a constraint to be satisfied by
X, m, and ¢, and introduce the Lagrangian semimartingale Y satisfying

dY;g = Y;{ (67 O'tth + ,Btdt } (3)

where the previsible processes a and [ are to be determined. Then two differ-
ent expressions for f Y dX have to be developed, one by integration by parts,
the second by using the dynamics of X. Then state the Lagrangian and so on
(compare also the detailed derivation in Example 2). We refer to Rogers (2001),

6The derivative U’(t,c) tends to oo as ¢ | 0 and tends to 0 as ¢ | co, where U’ denotes the
derivative with respect to the second variable.



Exercise 4, for the explicit derivation of the dual problem. It is shown there that
the dual problem is

ing[/TV(t,Y;)dtnLV(T,YT)+x-Y0] (4)

where the process Y solves

}G_ldn = Zt_l(?“tl — bt — Vt) . Utth — (Tt + g(t, Vt))dt (5)

for some adapted process v bounded by v, and where §(t, -) is the convex dual of
g(t,-). This is exactly” the dual problem of Cuoco & Liu (2000), Section 4.

2.2 Example 2: Cvitanic & Karatzas (1996)

THE PROBLEM. This is a simple example incorporating transaction costs. The
financial market consists of one riskless asset, the bank account or bond, with
price B, given by

dB; = Byrdt, By=1

and of one risky asset, the stock, with price per share S; given by
dSt = St [ ptdt + O'thVt s

for simplicity let Sy = 1. T'is the time horizon and (W})cjo,r) is a standard Brow-
nian motion. The processes o, p, 0~1, r are assumed to be uniformly bounded.

A trading strategy is a pair (L, M) of adapted processes with right continuous,
increasing paths and L(0) = M (0) = 0, where L; represents the total amount of
funds transferred from bank account to stock, M; the total amounts transferred
from stock to bank account. Given proportional transaction costs 0 < d,e < 1
for such transfers and initial holdings x°, z! in bank and stock, the holdings X?
of cash and the holdings X/ of the share at time ¢ satisfy the dynamics

dX? = T’tXtOdt + (1 - €)th — (1 + (S)st - Ctdt
The consumption out of the cash holdings is at rate ¢; > 0. Trading strategies L

and M and consumption ¢ are to be chosen such that the processes X} and X
satisfy the solvency conditions

XP+(1-9)X! >0, XP+01+6)X >0 Vi (7)

"We have a term for utility of terminal wealth, which Cuoco & Liu omitted for the sake of
simplicity in their formulation.




The set of points C' = {(2°,z') : 2° + (1 — &)z* > 0,2° + (1 + 6)z' > 0} defines
a closed convex cone in R?.

Suppose the objective is to obtain

sup B [ /0 (s, eds + u(Xp)| (8)

for some concave utility functions v : C' — R and U(t,.) : Rt — R which are
assumed to be strictly increasing in the relevant order.

STEP 1: IDENTIFYING THE DUAL PROBLEM. We regard the dynamics (6) as
a constraint to be satisfied by X° X' L, M, c and introduce Lagrangian semi-
martingales Y° and Y! satisfying

dY;O = YtO(O[tth + ﬂtdt)
AV = Y audW, + bydt), (9)

where «, 3,a and b are to be determined.

We develop two different expressions for [ YdX"+ [Y!dX" firstly by an appli-
cation of the integration by parts formula, (see, for example, Rogers & Williams
(2000), Theorem VI.38.3) and the expression (9) for Y

T T
/ Y- dX, = YT'XT—WXO—/ X, -dY, - X',V
0 0
T
= YT . XT — YE) . XO — / XtOfY'tO{Oétth + Btdt}
0
T T
—/ Xt{}/;l{atth + btdt} — / thY;latatdt
0 0
T T
= Y- Xp— Yy X — / XYY B,dt — / XY Hb; + osa:}dt (10)
0 0

The symbol = signifies that the two sides of the equation differ by a local mar-
tingale vanishing at zero. Secondly we use the dynamics of X (6):

T T
/ YV2dX? + / v dX}
0 0
T T
= / }/;OX?Ttdt + / }/;0{(1 - 5)th — (1 + 5)st - Ctdt}
0 0
T T
+ / Y X {0 dW; + pedt} + / YHdL, — dM,}
0 0
T T
= / }/t() {XPTt — Ct}dt + / }Qlthptdt

0 0
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+f 0y - VM, + / ey ()

If (X% X' M, L,c) satisfy the constraints implicit in the dynamics (6), then the
two expressions (10) and (11) must agree, so for any such feasible tuple the value
of the objective (8) will be the same as the value of the Lagrangian

T
A = supE[/ Ul(t,c;) dt + u(X9, X7)
0

T T
[t - oy - xpvp e X0y [ x0vos i
0 0

T
+/,0tXt1Ytl dt — X737 + XYy +/ XY, b + orar} dt
0

b [0y vy avs [ —asant) an] @2

To arrive at this, we have assumed that the means of all stochastic integrals with
respect to W will vanish. This needs justification, but recall that the justification
will come at the second step; in the first step, we are simply identifying the dual
problem which the second step will prove is the dual problem.

We now simply maximise (12) over admissible (X% X' M, L,c), which is very
easy. Maximising over increasing M and L, we see that we must have the dual

feasibility conditions
1-9)Y <Y, < (1+0)Y (13)

and the maximised value of the integrals dM and dL will be zero. The maximisa-
tion over ¢ and over (X2, X1) is straightforward and transforms the Lagrangian
to

T
A = SupE[/ V(t, V) dt +v(Yr) + Xo - Yo
0
T T
+/ XPYP(re + 6y) dt +/ XY o+ by + 0var) ],
0 0

where V(t, 2) = Vi(2) = sup, {U(t, v) —xz} and v(y) = supo .y {u(z’,z')—2-y)}
are the convex dual functions of U; and u, respectively.

Maximising over X" and X! yields the dual feasibility conditions

Be+r < 0 (14)
by +oa +pr <



with the final form of the Lagrangian as
T
E[/ V(EYL) dt + v(Yy) +X0-Y0].
0

A monotonicity argument shows that in trying to minimise this over multipliers
(Y2 Y') we would have the two dual-feasibility conditions (14) and (15) satis-
fied with equality and these processes correspond to the processes Z° and Z! of
Cvitanic & Karatzas(1996) via Z? = B,Y,? and Z} = S,Y}!.

So we believe that the dual problem must be

T
iI;fE[/ V(t, YY) dt +v(Yr) + Xo- Yy |,
0

where Y satisfies the dual feasibility conditions (13) and has the dynamics

d}/;o = YtO(OthWt — 'T'tdt)
dY;l = Y;l(atth — (pt + O'tat)dt).

3 The general formulation.

We shall present here a general formulation which applies to a wide range of
examples from the literature, in particular to Example 1 and 2 above. The
multidimensional version is needed for examples with transaction costs, see for
instance Example 2. The formulation is sufficiently general for examples in higher
dimension than Example 2 (where the dimension is 2). It could in particular be
applied to the transaction costs setting of Kabanov & Last (2002) or rather Deel-
stra, Pham & Touzi (2001) where the utility comes in. However the verification
of the conditions which are given below have to be done for each example and in
particular condition (XY) is typically the most difficult.

We give the following general model. Suppose we have some finite measure space
(5,8, i) and a closed convex cone C'in R¢, with dual cone C* = {y e R¢ : z-y >
0 Vz € C'}, both of which we shall assume have non-empty interior. The cone C
induces an order on R?, defined by

ry & y—zecl. (16)
We introduce the notation

LY%(S,S, ) ={f:S — C| f is S-measurable}



usually to be abbreviated to L%. Clearly, LY is a convex cone, closed in the L°
topology. We shall suppose that for each x € C' we have a convex subset X (x)
of LY, with the properties

(X1) X (z) is convex;

(X2) X(A\x) = AX(x) for all A > 0;

(X3) if g€ LY and g < f for some f € X(x), then g € X(x) also;
(X4) for some o € int(C) the constant function f : s+ xg is in X,

where we have used the notation

x=Jx@). (17)

zeC

in stating (X4). The set X" is not necessarily convex. Notice that because z( €
int(C'), for any n there is A, > 0 so large that

Aato — B, C C, (18)
where B, = {z € R?: ||z|l < n}. In other terms,
B, =< Ao, equivalently, B, C \,xq— C, (19)

so that by (X3), any function taking values in B, N C is in X; in particular,
constant functions are in X. Notice also the useful property

z €int(C) = 3§ = §(x) > 0 such that = -y > |yl Vy € C. (20)

For the dual part of the story, we need for each y € C* a subset Y(y) C LY. with
the property

(Y1) Y(y) is convez;

(Y2)  for each y € C*, the set Y(y) is closed under convergence in pu-measure.

Once again, the notation

y=J yw. (21)

yeC*

will serve in future.

The primal and dual quantities are related by the key polarity property which
we state as assumption (XY).



(XY) forall fe X andy e C*

sup /f~gd,u: inf x-y
9€V(y) z€¥(f)

where we have used the notation
U(f)={zeC: feX()}

An immediate consequence of (XY) is the useful inequality

/f~gdu§:r-y feX(x),geVy).

Finally, we shall need a utility function U : S x C' — R U {—oc} with the basic
properties

(Ul) s+ U(s,x) is S-measurable for all x € C;

(U2) x> U(s,x) is concave, strictly <-increasing, and finite-valued on int(C')
for every s € S.

We shall without comment assume that the definition of U has been extended to
the whole of S x R? by setting U(s,z) = —oo if z & C.

Since we have not assumed that U is differentiable, the gradient of U may not be
defined in places. However, the notion of the supergradient

U(s,x) ={z:U(s,y) <U(s,x)+z-(y—x) Yy e C}

stands in for the gradient (and reduces to it where the function is differentiable.)
Because U is finite-valued on int(C'), the supergradient is non-empty there. Be-
cause U is =-increasing, it follows that OU (s, z) C C*. We require the Inada-type
conditions:

(U3) there exists a measurable map VU : S x int(C') — R? such that VU (s, ) €
oU(s,x) for all s and x € int(C'), and such that

VU(s,nxg) =ep(s) =0 pu— ae. (22)

as n — 0o, with

sup / lea(s)] u(ds) < 0. (23)

10



(U4) there exists some x, € int(C') such that the concave function

u(A) = inf U(s, A\x,)

s€S
is finite-valued on (0,00) and satisfies the Inada condition
lim Ou = 00;
A0 ON ’
Two more mild conditions are imposed:
(Ub) there exists ¢ € X, taking values in int(C'), such that for all € € (0,1)
sup [VU (s, = + eu(s))] € LY(S, S, p);

(U6) for each s € S,

U(s,2)l/|z| =0 (Jz] — o0).

One last condition on the utility U is needed, which is most naturally expressed
in terms of the convex dual function

V(s,y) =sup{U(s,z) — = -y}, (24)

zeC

which is evidently convex and <*-decreasing. Regularity of V' is assured by the
following simple result, whose proof is deferred to the Appendix.

Proposition 1 For every s € S, for each z € int(C*) we have V (s, z) < oo, and

V(s,z) =max{U(s,x) —x - z}.

xeC
The final condition on U is this:
(U7) for each s € S, —0V (s, z) is <*-decreasing on int(C*).

In more detail, this says that if z <* 2/ are two elements of int(C*), and = €
-0V (s,z), &' € =0V (s,2'), then o’ < .

11



In terms of U, we define the functions u : C' — [—o00,00) and v : C* — (—00, ]
by

u(@) = sup / U (s, £(s))ulds) (25)

fex(z)

and

v(y) = ol V(s,9(s))u(ds). (26)

To avoid vacuous statements, we make the following finiteness assumption:

(F) for some fy € X and gy € Y we have

/U(s,fo(s))u(ds) > —00,
/V(s,go(s))u(ds) < 0.

Notice immediately one simple consequence of (F) and the assumption (XY): if
f e X(z) and g € Y(y), then

Juts st < [[U65) = 16 5) | nlds) 42y
< [ Vis.gls)) ulds) - (27)

Taking g = go in this inequality tells us that u < oo, and taking f = fy tells us
that v > —o0.

Theorem 1 The functions u and v are dual:

v(y) = igg[u(x)—wy], (28)
u(r) = yiglcf*[v(y)ﬂf-y]- (29)

ProoOF. Firstly, notice that part of what we have to prove is very easy: indeed,
using the inequality (27), by taking the supremum over f € X (x) and the infimum
over g € J(y) we have that

v(y) > u(z) —x-y (30)

for any x € C' and y € C*. The other inequality is considerably more difficult,
and is an application of the Minimax Theorem.

12



Define the function ® : X x Y — [—00,00) by

®(f,9) = /[ U(s, f(s)) = f(s) - g(s) ] u(ds), (31)
and introduce the sets A,, C C' by
A, =CnN(nzg—C).

The sets A,, are clearly increasing in n, closed and convex, and are bounded
because int(C*) is assumed non-empty. In view of (19), for any n we shall have
for all large enough m that B, NC C A,,.

We now introduce certain subsets of L (S, S, p) defined in terms of the sets A,:
for each n we define

B,={f¢€LZ(S,S u): f(s) € A, Vs}. (32)
Then B, is convex, and compact in the topology o(L>°, L'). We need the following

result.

Lemma 1 For each y € C*, for each g € Y(y), the map f — ®(f, g) is upper
semicontinuous on B, and is sup-compact: for all a

{f€B,:®(f,g) >a} iso(L>®, L")-compact.

PROOF. The map f — [ f- g du is plainly continuous in o(L>, L') on B, so it
is sufficient to prove the upper semicontinuity assertion in the case g = 0,

fH/U@ﬂ@mww

Once we have upper semicontinuity, the compactness statement is obvious. So
the task is to prove that for any a € R, the set

(eBus [Ulsf6) nids) = a)
S € Bus [ Uls. 1) +206) (i) > a}

e>0

is o(L>®, L')-closed. The equality of these two sets is immediate from the Mono-
tone Convergence Theorem and the fact that ¢ € X', and the fact that U(s, ) is
=-increasing for all s. We shall prove that for each € > 0 the set

N.={feB,: / U(s, F(s) +<t(s)) plds) < a}

13



is open in o(L*>®, L'). Indeed, if h € B, is such that

/U(s, h(s) +e(s)) plds) = a — 0 < a,

we have by (U2) that for any f € B,
[ U (6) + 20(6))
< [[U6sh) + 20(9) + () = b)) - VUGS, h(s) +20(5))] a(ds)
a5 [ (7(5) = h(s)) - VU(s,h(s) + ev(s) lds)

Since VU (s, h(s) +e(s)) € L'(S, S, p) by (U5), this exhibits a o(L>, L')-open
neighbourhood of A which is contained in N, as required. 0

We now need the Minimax Theorem, Theorem 7 on p 319 of Aubin & Ekeland
(1984), which we state here for completeness, expressed in notation adapted to
the current context.

Minimax Theorem. Let B andY be convex subsets of vector spaces, B being
equipped with a topology. If

(MM1) for all g €Y, f— ®(f,g) is concave and upper semicontinuous;
(MM2) for some go €Y, f— ®(f,go) is sup-compact;

(MM3) for all f € B, g — ®(f,g) is convex,

then

sup inf ®(f, g) = inf sup ®(f, g),

feB9eY 9€Y feB

and the supremum on the left-hand side is attained at some f € B.

We therefore have

sup inf ®(f,g) = inf sup ®(f,9). (33)
feB, 9€Y(Y) 9€V(Y) feBn
From this,
sup inf ®(f,g) = inf /Vn(s,g(s)) wu(ds) = v, (y), (34)
feBn 9€Y () g€V (y)
say, where
Vs, z) =sup{U(s,x) —z-z:x € A} TV (s, 2). (35)

14



Consequently, v,(y) < v(y). Now in view of the property (19), we have that

B.cx=J¢!
zeC
SO
””(y):féﬁ geigfy)<1>(f,g) - sw gé% / {U(s, — f(s) - g(s)}u(ds)
_ ;;Bg[/ws,f( ))p(ds) —ggg/f g dy]
= sup| [ UG se)utds) ~ int oy

— sup sup [ [ U, 1(s))n(ds) -]

FEB, 2€U(f)

< sup sup [/ Ul(s, f(s))u(ds) —x - y]

fEX z€U(f)

= swp s [ [ Vs f)n(as) 9]

zeC feX(x

= suplut -

The sequence v, (y) clearly increases with n, so the proof will be complete provided
we can prove that

lim v, (y) = v(y), (36)

for which we fashion a variant of the argument in Kramkov & Schachermayer
(1999); some points require a little care, and we present the proof through a
sequence of lemmas whose proofs occupy the Appendix.

Proposition 2 There ezists some sequence (hy,) in Y(y) such that h, — h p-
almost everywhere, and such that

liin/Vn(s, hi(s)) u(ds) = li7£n Un(Yy)-

The limit h is in Y(y), by property (Y2).

Proposition 3 For alln < m, for all z € C*, for all s € S,

Vin(s,en(8) + 2) = V(s,e,(s) + 2). (37)

15



Proposition 4 The family {V (s,e,(s) +g(s))” :n e N,g € Y(y)} is uniformly
integrable.

Let us now complete the proof of Theorem 1, using these results. We have
o) < [ Visho) uds

lim inf/V(s,sn(s) + h(s)) u(ds)

n

IN

IN

lim inf lim inf / Vs, en(s) + hon(s)) p(ds)

n m>n

IN

liminf lim inf/Vm(s,en(s) + hi(s)) p(ds)

n m>n

IN

lim inf liminf/Vm(s,hm(s)) p(ds)

n m>n

IA

lim sup vy, (y)

IN

v(y)

using respectively: the definition (26) of v and the fact (Proposition 2) that
h € Y(y); Fatou’s Lemma, Proposition 4, and (22); Fatou’s Lemma, Proposition
4; Proposition 3; the fact that V,, is <-decreasing; Proposition 2; the fact that
vn(y) < v(y) for all n. This chain of inequalities of course establishes (36), which
finishes the proof of Theorem 1. 0

4 The examples concluded.

Now we complete the analysis of Example 1 and 2 using the theory we have
developed in Chapter 3. This closes the gap and proves that the dual problems
indeed are as assumed in Chapter 2.

4.1 Example 1: Cuoco-Liu (2000)

THE SECOND STEP: PROVING DUALITY. In order to use Theorem 1 to prove the
dual form of the problem, we have to cast the Cuoco-Liu example in the form
of Section 3, and verify the conditions of Theorem 1. The dimension d of the
problem is 1, and the convex cone C' is RT.

For the finite measure space (S5, S, u) we take
S=1[0,T]xQ, S=0[0,T], p=(Leb[0,T]+ d7) x P,
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where O[0,T] is the optional® o-field restricted to [0,7]. The set X(x) is the
collection of all bounded optional f : S — RT such that for some non-negative
(X, ¢) satisfying (1), for all w,

ft,w) < c(t,w), (0<t<T), f(Tw) < X(T,w). (38)

REMARK. The assumption that f is bounded is a technical detail without which it
appears very hard to prove anything. The conclusion is not in any way weakened
by this assumption, though, as is discussed in Rogers (2001), Chapter 4.

Next we define Vy(y) to be the set of all solutions to (5) with initial condition
Yy = y. From this we define the set Y (y) to be the collection of all non-negative
adapted processes h such that for some Y € Yy(y)

h(t,w) < Y(t,w) p-almost everywhere.

Finally, we define a utility function / : S x RT — RU{—o0c} in the obvious way:
U((t,w),x) =U(t,x),
and we shall slightly abuse notation and write U in place of U henceforth.

We have now defined the objects in terms of which Theorem 1 is stated, and we
have to prove that they have the required properties.

The proof of (X1)-(X4) and (Y1) can be found in Rogers (2001).

(Y2) In view of Assumption (B), we know that
§(t,z,w) = +oo Vx| >,V w.

Suppose that (h*) is some sequence in )(y) converging in p-measure; we may
(and shall) by passing to a subsequence suppose that the sequence converges -
almost-everywhere to limit 4. The aim is to prove that A is dominated by some
element of Vo (y).

For each k there exists a process ¥ such that the process Y*, solution to
dYF = YF|IS (rl — b — vf) - oidWy — (e 4+ (6 v0))dt |, Y=y, (39)

dominates h* p-a.e.. We may without loss of generality assume that |vff| < for
all t and w. To see this, if we define the function

YA 2|

)

O(x)=x 7

8That is, the o-field generated by the stochastic intervals [, 00) for all stopping times 7 of
the Brownian motion. See, for example, Section VI.4 of Rogers & Williams (2000).
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and replace the process v* by ¥ = ®(v/*), then Y* is changed to Y*, which agrees
with Y* up to the stopping time

t
Tk = Hlf{t : / I{‘V§|>7}d8 > 0}
0

However, Y* vanishes on (7% AT, T}, so we have throughout [0, T that Yk <YF
and it will be sufficient to prove that some limit of the Y* isin ) (y) and dominates
h.

Since we now have that ¥ lies in the compact closed unit ball of radius v, we
can apply Lemma Al.1 of Delbaen & Schachermayer (1994) to deduce that we
may find 0¥ € conv(v*, 1 . .) which converge u-a.e. to some limit 0. If we

now define Y* to be the solution to (39) with /¥ replaced by 6%, we have

t t
. 1
log(Y/"/y) = / 5 (r L= b, = 0) - dZ, — / (rs+9(s,05) + 560 3,67) ds. (40)
0 0

Passing to a subsequence if necessary, and using the uniform boundedness of
the 0%, we may suppose that the stochastic integral terms on the right of (40)
converge uniformly almost surely. We may not be able to deduce the convergence
of the Lebesgue integral terms involving g, but the Fatou inequality works the
right way for us, and yields

t
limsuplog(Y;*/y) < / 57 (rsl — by — b,) - dZ,
0

t
— [0+ 30500 + 305700, ds
0

= log(Yi/y), (41)

say. Now Y € Voly), and if 0% = ijk p?l/j represents 0% as a finite convex
combination of the v/, by the argument that establishes (Y1) we have

D WSS 2

But the limit of the leftmost expression in (42) is p-a.e. equal to h, and the limit
superior of the rightmost expression in (42) is at most Y;, which establishes that
h € Y(y), and hence gives property (Y2).

The properties of the utility, and the finiteness assumption are dealt with as fol-
lows: properties (Ul) and (U2) are evident, moreover x + U (s, x) is differentiable
and (U7) holds. The remaining properties must be checked on each particular
case. For example, if the utility has separable form

Ul(s,c) = h(s)f(c)
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then provided h is bounded, and f is strictly increasing, concave and satisfies
the Inada conditions, the conditions (U3)—(U6) are satisfied. For the finiteness
condition (F), we must once again check this for each particular case.

The proof of (XY) is the tricky part and is done in Rogers (2001), Chapter 4.
This (and the corresponding part of Example 2) requires a condensation argument
to construct a limiting optimal process; such arguments are presented in much
more general settings in the paper of Guasoni (2002), and various other papers
referred to there. However, the presence of running consumption in the objective
is a point of difference between our examples and the situations studied in those
references, which means that their results cannot be immediately carried over to
the present context.

REMARK: CONVEX CONSTRAINTS. If we take the Cuoco-Liu problem and impose
the constraint that the portfolio should always lie in some closed convex set K,
then the dynamics are still represented by (1), where now ¢ is modified to be
—oo off the set K. However, such a modified g no longer satifies the global
Lipschitz condition needed for the proof of the duality relationship. While it is
easy to think of ways of approximating the modified g by globally Lipschitz g to
which our result does apply, establishing that the duality relation holds in the
limit appears to be impossible at the level of generality that we have worked at
so far. For example, Cuoco & Liu (1998) require global growth conditions on
the derivative of U, and that the original g is globally Lipschitz. The details of
passing from the original g to the portfolio-constrained g must depend on context,
just as establishing (XY) must depend on context, and it seems pointless to try
to frame a set of sufficient conditions.

4.2 Example 2: Cvitanic, Karatzas (1996)

STEP 2: PROVING DUALITY.

The finite measure space (S, S, p) is

S=[0,T]xQ, 0[0,T], p=(Leb[0,T]+ dr) x P.
20
Define a cone C' C R? as follows, x denotes the vector ( 1 ),

C={z: 2"+(1—-¢e)2'>0, 2"+(1+4)z'>0}. (43)

For each x € C the set X°(z) is the collection of all optional X : S — C fulfilling
dynamics (6) with starting value Xy = z. Define X'(z) to be the set of all optional
f=(f%fH: S+ C such that for some X € X%(z), for all w,
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f(t.w) 2 (e(t,w),0) (0<t<T), f(T,w) 2 X(T,w), (44)
where < is the partial order induced by the cone C.

0
The dual cone C* is given by the following, where y = ( z ) )’
Cr={y: (Q+0y’' >y >(1-e)y'}. (45)

For y € C*, we define Yy(y) to be the set? of all processes ¥ = (Y, Y1)" which
can be represented for some bounded previsible processes a and « as solutions to
the SDEs

d)/;o = }/;O(Cttth — T'tdt)
ay;' = Y (adW; — (p; + ara,)dt) (46)

with initial conditions Yy = ¢°, Y} = y', and such that Y; € C* for all ¢.

Let Vi (y) be all optional g : S — C* such that there is Y € Yy(y) with ¢ <* Y,
where <* is the partial order induced by the cone C*. We then take Y (y) to be
the closure of Y (y) with respect to convergence in p.

REMARK. We take here the closure in L°(u) of the convex set Y (y) since it is not
clear whether the condition (Y?2) is satisfied for such a set of processes dominated
by exponential semimartingales in Yy (y). However, J(y) remains convex, satisfies
(Y2) by definition, and by Fatou’s lemma

sup /f-gduz sup /f~gdu,
g€V (y) 9€Vo(y)

so all we need to confirm (XY) is to check the statements for g € Vy(y). There
is of course a price to pay, and that is that the statement of the main result is
somewhat weaker.

(X1), (X2) and (X3) are trivial.

(X4) By taking (M, L) = (0,0) and ¢ = 0 and using the fact that r is bounded,
we see from the dynamics of X that, for some small enough v > 0, the constant
function (t,w) — (7,0) is in X = Uyec X (x) and it is clear that (v,0) € int(C).

(Y1) The proof of the convexity of Y(y) is similar to the proof of property (X1)
in the Cuoco-Liu example, compare Rogers (2001), Chapter 4.

9... which is non-empty, as may be seen by taking a = a = (r — p)/o.
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REMARK. An analogous proof shows that for y € C* and z € C* we have that

V() +V(z) CTV(y+ 2) (47)

(Y2) is trivial as we have defined )(y) as a closure.

Before we prove condition (XY) which is the difficult part of this section we
say a few words about the utility conditions. Assume we are given the utilities
U(t,.) : RT - R and u : C — R as above (8); as in Cvitanic & Karatzas
(1996), we suppose that for each ¢ € [0,7] the map = — U(t,x) is a strictly
increasing, strictly concave, continuously differentiable function that satisfies the
Inada conditions. We shall make the convention that U(t,z) = —oo for x < 0.

We now aim at defining a utility & : S x C — R U {—oo} that fits the general
theory (Section 3) and, moreover, gives exactly the objective we want. That is,
for f fulfilling (44), we need

/ Ult, fydp < B [u(X%, x1) + /O s, cs)dsl |

Construction of ¢: the linear map L : C'— R? defined by the matrix

1 149

1 1—-¢
is a linear bijection of C' with R? that respects the cone orderings. We propose
to define a map ® : R — R, by

Oz, y) = Va* + y*p(0)
(where § = tan~!(y/x)) in such a way that the following properties are satisfied:
(ul) @ is strictly increasing on R?;
(u2) @ is concave;
(u3) VU(®) is onto (0, 00)?.
(ud) U(®) is concave.

It is readily verified that by choosing the function

( ) 1+ vV4sinxzcosz
l’ —_—
4 2412
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all the properties (ul)-(u4) hold. Hence the map U : [0,7) x C' — R defined by
U(t,x) = U(t,®(Lx)) (48)

is concave, strictly =<-increasing on C, and is easily seen to have the property
that
Ut, (c,0)) = U(t,0). (49)

We complete the definition of U by specifying that
U(T, x) = u(x). (50)

Then, for f € X (x) we have that

[Juts pan= [um f+ | U, fs>ds} <E {u(}@) + [ s cs>ds} |

as (44) is fulfilled and (49) and (50) hold. And this is exactly what we need,
compare with the objective (8).

Now the conditions (U1) to (U7) have to be checked, as well as the finiteness
condition (F). Some uniformity in ¢ needs to be assumed for U; sufficient is the
condition that for each a > 0,

/T U'(s,a)ds < oo. (51)

(U1), (U2) are trivial.
(U3) Taking z¢ = (1,0), it is a simple application of the chain rule that
VU(t,z) =U'(t,®(Lz))VP(Lx)L. (52)

Since V®(nzy) is uniformly bounded, (U3) follows easily by monotone conver-
gence from (51).

(U4) If condition (U4) holds for U, then & will inherit it.

(U5) This follows quickly from (51) when we take ¢ = (1,0).
(U6) will follow if for each t € [0,T]

lim [U (¢, )|/|z] = 0,

which we assume is satisfied.
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(UT7) For this, we have to show that if z <* 2’ € int(C*) and x,2’ € C are such
that z € OU(s,x), 2/ € OU(s,a’), then 2’ < z. Since any z € int(C*) can be
represented as z = (a,b)L for some positive a,b, from the chain rule expression
(52) we see that it will be sufficient to show that the relation

U'(t, ®(z))V®(z) = (a,b) (53)

between z € R and (a,b) € (0,00)? is decreasing. Now it is clear that given
(a,b) € (0,00)* there exists a unique € R such that (53) holds, because the
ratio a/b determines the angular part of z, and then the distance of x from the
origin is derived easily, using the Inada condition and the fact that U is C*. To
see that the relation is decreasing, we have to show that if either component of
x increases, then neither component of (a,b) increases. In terms of derivatives,
this condition is

U'(®)02 +U'(®)P,, < 0,
U'(®)e,e, + U (®)d,, < 0,
U"(®)o; +U' (@), < 0.

(54)

But the concavity of ® and U together with their monotonicity deals with the
first and the last, and the middle condition is satisfied because

q)zr < pp Py,
by concavity of ®, and the consequent inequalities
|@yeU'(®)F < Puu®y, U'(®)* < (=U"(2)27)(-U"(2)Dy),
the last by the first and last parts of (54).
(XY)

In order to get condition (XY) we will need an analogue of Theorem 3.2 of Ka-
banov & Last (2002) for our setting, see Proposition 5 below. The proof consists
in reproving some results of Kabanov & Last (2002), this is rather straightfor-

ward but not completely trivial. The proofs are assembled in a technical report
of the ISDS: Some details of Example 2 in Klein & Rogers (2005), Klein (2005).
Recall the definition of ¥(f) ={zx € C: f € X(x)}.

Proposition 5
V(f) = NeclaeC: [ frgdusay Voe V)

= Nyec-{z €C: sup /f-gdugx-y}
g€V(y)
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PRrROOF. The proof is in principle reproving Theorem 3.2 of Kabanov & Last
(2002) for this setting. The details can be found in Klein (2005).

Proposition 6 Let f € X. Then condition (XY) holds, that is

sup /f~gd,u: inf -y 55
9eV(y) ze¥(f) %9)

PROOF.

As XY+ [ YOt > 0forall X € Xy(z) and Y € Yy(z) it is rather straightforward
to show that X - Y + [ ¢Vt is a supermartingale. Hence

T
E[XTYT+/ CtKgdt] Sl’y
0

Moreover, for elements f € X'(z) we have that (44) holds and each g € Y(y) is
a limit of elements of ) (y) (which are dominated by elements of Vy(y)). So we
learn that the left-hand side of (55) is no greater than the right-hand side, by the
definition of the measure p and by Fatou.

For the proof of the reverse inequality, denote W,(f) = {zx € C : supyey(, [ f -
gdp < (x,y)}, hence, by Proposition 5,

U(f) = Nyec= Ty (f).

Observe that A\Y(y) = Y(\y) for y € C* and XA > 0, so that U, (f) = U,,(f).
This means, it is enough to consider y = (3%, y')' € C* = {y € C* : y' = 1},
therefore

V() = Nyec- Yy (f)- (56)

Defining A, = sup,cy, [ f - g du, we have

U (f)={zeC:z-y>A,}
so by Proposition 5, U(f) is an intersection of closed half-spaces.
Assume now that (XY) does not hold, that is, there is y € C* such that

A, < inf z-v.
VS et Y

W(f) is a closed, convex set in R?. There is z, € U(f) with z, -y = inf,cqpyz-y
and
Ay <xy-y.
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It is clear that =z, has to lie in the boundary OWU(f) of the set ¥(f). Now it’s a
geometric argument. We distinguish three cases:

A) There is a unique tangent to OV(f) in z, and it touches OV (f) in more than
one point. That’s the trivial case, by (56) there is only one possibility for W(f)
to look like that, and that is z, - y = A,, a contradiction.

B) There is a unique tangent to OV (f) in z, and it touches 0¥(f) only in z,. By
(56) there exist sequences ¥, and z, € C* with limy, = limz, = y and 3° < 3°
and z2) > y° such that lim A, = 2, -y and lim Azn =z, -y. For each n we can
write y as convex combination y = A\,y, + (1 — A,)z,. Then, for a subsequence
such that A\, converges, still im(\,A4,, + (1 — A\,)A.,) = x, - y. On the other
hand

Ay, +(1—=\)A,,
= sup /f g du+ sup /f hdu
n)zn)

9€Y(Anyn) hed((

= sup /f k du

ke[y )\nyn)‘i‘y 1 >\n Zn

< sup / frgdpu=A4,
g€V (Y)
< l'y Y,

where the first equation comes from the fact that \Y(y) = Y(\y) and the in-
equality in line 4 comes from (47), i.e., Y(y) + V(z) C VY(y + z). But that’s a
contradiction, for n — oo.

C) The tangent to O¥(f) in z, is not unique. As OV(f) is convex there is a
tangent from the left hand side and a tangent from the right hand side. By (56)
there are y; and 3, in C* defining the two tangents and such that 39 < y° < 9 (i.e.
such that the tangents cross the y-axes in z, - y1, =, - Y2 respectively). Moreover,
there exist sequences y, and z, € C* with limy, = y; and lim,, z, = y» such that
limA,, ==z, -y; and im A, = x,-y2. We can write y = Ay; + (1 — X)y2. Choose
subsequences such that y = A\,y, + (1 — \,)z, and lim \,, = A. Then

Hm(A\, Ay, + (1 —A)AL) =My -y1) + (1= N)(zy - y2) = 2y - v.

As before this leads to a contradiction. And so we found that A, = z, - y for all
y € C*, which gives (XY). O
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5 Appendix: Proofs of auxiliary results.

PROOF OF PROPOSITION 1.The point to prove, of course, is that there cannot
be a sequence (x,,) of points tending to infinity in C' at which ever larger values
of U(s,z)— (x, z) are attained. So suppose that for some s this were not the case,
and that there exist z,, € C, |z,| — oo, such that

a<U(xy,)—x, -z (57)

where for notational simplicity we temporarily drop the explicit dependence on
s, and a is some finite real less than V' (z). Passing to a subsequence if necessary,
we may suppose that z,/|z,] — & € C N S%L; since 2 € int(C*), it must
be that (£,z) = 2¢ > 0. Now we use property (U6); for all large enough n,
|U(z,)| < e|z,|. But this is incompatible with the inequality (57). O

PROOF OF PROPOSITION 2. From (34) we may take g, € Y(y) such that

/WMa%@»uw@3vaw+nl,

and hence by Lemma Al.1 of Delbaen & Schachermayer (1994) there can be
found convex combinations h,, € conv(g,, gni1, - -.) which converge p-almost ev-
erywhere.

In more detail, since the interior of C' is non-empty, there exist x1,2z9,..., 24 €
int(C') which are linearly independent. Since for each j = 1,2, ..., d the sequence
xj - gn, consists of non-negative functions, by applying Lemma A1.1 of Delbaen &
Schachermayer (1994), we can find a sequence g/, € conv(gy, gnt1, - - .) such that
x1 - g, converges p-almost everywhere to a limit in [0,00]. Applying the same

: 1 / / /
result again, we can make a sequence g/, € conv(g,,d,,1,-..) such that z; - g,

converges p-almost everywhere for 7 = 1,2. Proceeding in the same way, we
end up with the required sequence (h,,), such that x; - h,, is p-almost everywhere
convergent to a limit in [0,00] for each j = 1,2,...,d. In view of property

(19), Fatou’s Lemma, and (XY), the limits must be p-almost surely finite. This
implies that there exists h, € Y (y) converging p-a.e. to h, which is in Y(y) using
property (Y2), and for which

/%@M@DMwhﬁwMMw+m*k

m>n

O

PROOF OF PROPOSITION 3.For notational simplicity, we omit the appearance of
s. It is a simple result on dual functions that z € 9U(x) if and only if —z € 9V (2),
and then

V(iz)=U(z) —z- 2. (58)
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Hence —nxy € 0V (e,). Moreover, &, € int(C*), for if not, there would be some
Z € C such that 7 - ¢, = 0, and then the inequality

U(nxg +tZ) < U(nxg) + (T - €,) = U(nzo)
contradicts the strict <-increase of U.

Using property (U7), for any 2’ € —9V (g, + z) it must be that 2’ < nxg, and so
2’ € A,. The proposition will be proved if we can show that

Vien+2) =sup{lU(e) — - (en+2) } = Ul) =o' (e + 2),

which is simply an application of (58). O

PRrROOF OF PROPOSITION 4.This proof is a slight modification of Lemma 3.2 of
Kramkov & Schachermayer (1999), exploiting condition (U4). Firstly we note
that

—Vi(s,2z) = ilelg{I'Z—U(&x)}
< ir;%{ (Azy) -z = U(s, Axy) }
< inf{ A 2) —u()}

¢($* ’ Z)?

where the concave increasing function v is the dual function of u. We suppose
that sup, ¥ (a) = oo, otherwise there is nothing to prove, and let ¢ : (¢(0), c0) —
(0, 00) denote its convex increasing inverse. We have

lim P o Y gy O e
roeow yeeo Y(y) o () —u(t) 1o [l sur(ds)

using the property (U4). Now we estimate

[otVis.calo) + 960 dutds) < [ lmax{0. (e (a(s) + ()
< 0n(S)+ [ (. (Guls) + 9061
= PO(S) + [ 2. (eals) + 9(s)u(ds)

This is bounded by a finite constant independent of n and g, in view of (23), the
fact that the constant function z, is in X', and property (XY). O

There is a useful little corollary of this proposition.
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Corollary 1 For each y € C*, there is some g € Y(y) for which the infimum
defining v(y) in (26) is attained.

Differentiability of U implies strict convexity of V', which in turn implies unique-
ness of the minimising g.

PrOOF. Take g, € Y(y) such that

o) < [ Vis,ga(s)n(ds) < vlw) 407" (59)

By again using Lemma A1.1 of Delbaen & Schachermayer (1994) we may suppose
that the g, are p-almost everywhere convergent to limit g, still satisfying the
inequalities (59) Now by Proposition 4 and Fatou’s lemma,

o) £ [ Vis.gloulds) < timint [V (s,,())n(ds) < v(y)

as required. The uniqueness assertion is immediate. 0
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