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Overview

THE NO-CALLING CASE

The model and the problem

The solution

THE CALLING CASE

No-calling solution for small m
Block conversion of last my bonds
The case K < K.

The case K > K.

( Ingersoll’s paradox: bond issue should be called when bond value reaches the
call price, yet in practice the bond value may go 40-80% above before calling!)
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Model assumpftions

e \Value of the assets V' follows
thz\/t[ath—}—(r—(S)dt] @)

for positive constants r, the riskless rate of interest, and §, the rate of
disbursement of value to shareholders and bondholders
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Model assumptions

e Value of the assets V follows
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e At conversion, the bondholders surrender bond and receive 1 share in return
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e Initially mg convertible bonds are issued, each of which atffracts coupons at
rate p until it is converted, or unfil default

e Inifially n — mg shares are issued
e Af conversion, the bondholders surrender bond and receive 1 share in return
e Bonds are held diffusely

e Shareholders decide when to default; on default, (1 — p) of the value of the
assefts is lost, the rest goes to the bondholders
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Model assumptions

e Value of the assets V follows
th:Vt[ath—}—(r—é)dt] @)
for positive constants r, the riskless rate of interest, and §, the rate of

disbursement of value to shareholders and bondholders

e Initially mg convertible bonds are issued, each of which atffracts coupons at
rate p until it is converted, or unfil default

e Inifially n — mg shares are issued
e Af conversion, the bondholders surrender bond and receive 1 share in return
e Bonds are held diffusely

e Shareholders decide when to default; on default, (1 — p) of the value of the
assefts is lost, the rest goes to the bondholders

e Coupon payments are tax-deductible, tax rate is 7.
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Aim

We seek a Nash equilibrium for the problem: thatis, a policy for the shareholders
to default, and a policy for the bondholders fo convert such that no-one can
gain by changing from the chosen policy if none of the others changes.
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Aim
We seek a Nash equilibrium for the problem: thatis, a policy for the shareholders

to default, and a policy for the bondholders fo convert such that no-one can
gain by changing from the chosen policy if none of the others changes.

e Whatis the bondholders’ optimal conversion behaviour?
e Whatis the optimal timing of default for the shareholders?

e Whatis the value of the convertible bond and of the share?
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Properties of the solution

The values of share and bond must be functions of m; and V; alone, where my is
number of live convertibles at time t:

St:S(mta‘/t)? Bt:B(mt7‘/fi)'
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Properties of the solution

The values of share and bond must be functions of m; and V; alone, where my is
number of live convertibles at time t:

St:S(mta‘/%)? Bt:B(mt7‘/fi)'

Always
S>0, Y=B-S5>0.
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Properties of the solution

The values of share and bond must be functions of m; and V; alone, where my is
number of live convertibles at time t:

St:S(mt7%)7 Bt:B(mt7‘/t)'

Always
S>>0, Y=B-S5>0.
In continuation region C where neither default nor conversion occurs,

6V —mp’

n—m

2
(L=3502V2L25 +(r—0)V4 —r. p =p(l—7)) because
t t 6VS - ! S
Zy —e "B, —i—/ pe” "% ds, X =e "tS, —i—/ pm e "% ds
0 0 n—ms

are both martingales.
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Action only at 9C;
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Action only at 9C;
e Default only when S = 0;
e Conversiononly whenY =B -5 =0;

e At continuous conversion
oS oB
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Action only at 9C;
e Default only when S = 0;
e Conversiononly whenY =B -5 =0;

e At continuous conversion

85_83_0.
om Om

e At ajump of m, both Sy and B; are confinuous.
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Action only at 9C;
e Default only when S = 0;
e Conversiononly whenY =B -5 =0;

e At continuous conversion

85_83_0.
om Om

e At ajump of m, both Sy and B; are confinuous.

Solution characterised by ¢ : [0,n] — RT (the default boundary) and decreasing
n:[0,n] — RT (the conversion boundary) and the rule:

converf to keep Vi < n(my), defaulf when Vy < £&(my).
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Form of the solution
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No of live bonds, m

Figure O: The conversion and bankruptcy regions for a typical convertible bond
problem. Conversion occurs confinuously along the upper boundary n, and
bankruptcy is declared when the lower boundary ¢ is reached.
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Finding the solution

We have the important principle of local optimality: considering a single m-slice,
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Finding the solution

We have the important principle of local optimality: considering a single m-slice,

we deduce that Sy, = 0 at default.
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The differential equations for S and Y plus

S(m,&(m)) = 0 = Sy(m,&{(m))
Y(m,n(m)) = 0 = Yy(m,§{(m))
Y(m {(m)) = p&(m)/m
Sm(m,n(m)) = 0
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The differential equations for S and Y plus

S(m,&(m)) = 0 = Sy(m,&(m))

Y(m,n(m)) = 0 = Yy(m,§{(m))
Y(m,£§(m)) = p&(m)/m
Sm(m,n(m)) = 0

lead to

mp'1po(V/E(m)) — rVip1 (V/E(m))
r(a+ B)(n —m) ’
)

rV1(V/n(m)) — p(n — m7)¢po(V/n(m))
r(a+B)(n —m) |

S(m,V) =

Y(m,V) =
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The differential equations for S and Y plus

S(m,&(m)) = 0 = Sy(m,&(m))
Y(m,n(m)) = 0 = Yy(m,§{(m))
Y(m {(m)) = p&(m)/m
Sm(m,n(m)) = 0

lead to

mp'1po(V/E(m)) — rVip1 (V/E(m))
r(a+ pB)(n—m

S(m,V) =

Y

Y(m,V) =

)

)
rVyi(V/n(m)) — p(n — m7)o(V/n(m))
(a+B)(n —m)

(x—1)+ (r—9)r—r=20,and

r

where 8 > 1 and a<OsoIve—ax
Yo(@) = oz’ + 27 —a-B  Yi(a)=(a+ D2’ +(B-1)27 " —a -3

are strictly convex, nonegative, vanishing at 1.
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The differential equations for S and Y plus

S(m,&(m)) = 0 = Sy(m,&(m))

Y(m,n(m)) = 0 = Yy(m,§{(m))
Y(m,§(m)) = p&(m)/m
Sm(m,n(m)) = 0

lead to

mp'1po(V/E(m)) — rVip1 (V/E(m))
r(a+ B)(n —m)
)
m)

Y

S(m,V) =

rVipi (V/n(m)) — p(n — m)io(V/n(m))
(o + B)(n —
(x—1)+ (r—9)r—r=20,and

Y(m,V) =

)
r

where 8 > 1 and —a < 0 solve £ o2z
o(z) =azP + 627 —a— B  i(z)=(a+ DT+ (B -1z 1" —a g

are strictly convex, nonegative, vanishing at 1.
Hence we get n(m) as a function of m and £(m), and

a differenfial equation for £(m).
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Solving the ODE

Best to work with independent variable

0 =¢&(m)/n(m) € [0,1]
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Solving the ODE

Best to work with independent variable
0 =¢(m)/n(m) € [0,1]
e Multiple solutions passing through (0, 0) - we want

lirlr(l) S(m,V)=V/n
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Solving the ODE

Best to work with independent variable

0 =¢(m)/n(m) € [0,1]
e Multiple solutions passing through (0, 0) - we want

lirlr(l) S(m,V)=V/n

e Highly singular near zero ...
e Try converting last mg bonds all in one go?
e Seek expansion of the form (s = 678, u = 6%)

oo oo

m(0) = Gy: y: y: aiijisjuk?

i=0 j=0 k=0
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Solving the ODE

Best to work with independent variable

0 =¢&(m)/n(m) € [0,1]
e Multiple solutions passing through (0, 0) - we want

lirlr(l) S(m,V)=V/n

e Highly singular near zero ...
e Try converting last mg bonds all in one go?
e Seek expansion of the form (s = 678, u = 6%)

oo oo

m(0) = Gy: y: y: aiijisjuk?

i=0 j=0 k=0

Storing about 20 of the a;;; in Maple’s internal format takes up about 200K!
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Solving the ODE

Best to work with independent variable
0 =¢(m)/n(m) € [0,1]
e Multiple solutions passing through (0, 0) - we want

lirlr(l) S(m,V)=V/n

Highly singular near zero ...
Try converting last mg bonds all in one go?
Seek expansion of the form (s = 68, u = 6%)

oo oo

m(0) = Oy: y: y: aiijisjuk?

i=0 j=0 k=0

Storing about 20 of the a;;; in Maple’s internal format takes up about 200K!
e Excursion-theoretic approach?
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sigma = 0.1, r = 0.04, delta = 0.02, rho = 0.05, tau = 0.5, p = 0.2
alpha = 4.70156, beta = 1.70156

Xi, Eta and S(m,Eta(m))/n

3.2 — 3.1
2.4 \\ —3/n 2.3
2.0 ] aS—— 1.9
16 T 151
1.2 1.1
0.8 0.7 ]
0.4 ] 03] 7
o N
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1.0 0 04 08 12 16 20 24 28 32
1.2 3.2
1.o-h%\ 2.8
2.41
0.8 00
0.6 16
0.4 1.2
_ 0.8
02| 04 ]
N —— R
0 04 08 12 16 20 24 28 32 0 04 08 1.2 16 20 24 28 32

PERPETUAL DEFAULTABLE CALLABLE CONVERTIBLE BONDS -p.11/30



sigma = 0.1, r = 0.04, delta = 0.0525, rho = 0.05, tau = 0.5, p=0.5
alpha = 1.57603, beta = 5.07603

Xi, Eta and S(m,Eta(m))/n
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sigma =1, r=1.539, delta=1.1627, rho = 1, tau = 0.933, p = 0.3076
alpha = 1.63508, beta = 1.88248

Xi, Eta and S(m,Eta(m))/n
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THE CALLING CASE

Convertible bond issues are frequently callable: at a time of the shareholders’
choosing, the issue is called, and bondholders must immediately either convert
or surrender for K.
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THE CALLING CASE

Convertible bond issues are frequently callable: at a time of the shareholders’
choosing, the issue is called, and bondholders must immediately either convert
or surrender for K. Thus we have to have

n—m

S(m,V) > S(m,V) = (MYA%
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THE CALLING CASE

Convertible bond issues are frequently callable: at a time of the shareholders’
choosing, the issue is called, and bondholders must immediately either convert
or surrender for K. Thus we have to have

S(m,V) > S(m,V) = (MYA%

n—m

e If K isvery high, then the no-calling solution is unaffected.

PERPETUAL DEFAULTABLE CALLABLE CONVERTIBLE BONDS - p.14/30



THE CALLING CASE

Convertible bond issues are frequently callable: at a time of the shareholders’
choosing, the issue is called, and bondholders must immediately either convert
or surrender for K. Thus we have to have

V -_mK\T V
mn — 1M mn

e If K isvery high, then the no-calling solution is unaffected.

e If K isvery low, then the no-calling solufion is affected.
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THE CALLING CASE

Convertible bond issues are frequently callable: at a time of the shareholders’
choosing, the issue is called, and bondholders must immediately either convert

or surrender for K. Thus we have to have
V —mK\T V
mn

n—m

e If K isvery high, then the no-calling solution is unaffected.
e If K isvery low, then the no-calling solufion is affected.
Easy asymptotics give

S(m,V) = % +mSo(V) + o(m),
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THE CALLING CASE

Convertible bond issues are frequently callable: at a time of the shareholders’
choosing, the issue is called, and bondholders must immediately either convert

or surrender for K. Thus we have to have
V —mK\T V
mn

n—m

e If K isvery high, then the no-calling solution is unaffected.
e If K isvery low, then the no-calling solufion is affected.
Easy asymptotics give

S(m,V) = % +mSo(V) + o(m),

where

So(V) =

V. p(Br+1-m7) (Ky_ p(1— 1)
n? nr(B8—1) \no .
has unique root nK. in (0,m0):

nr
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Near m

The perturbation of S(m, -) from V/n looks like

PERPETUAL DEFAULTABLE CALLABLE CONVERTIBLE BONDS - p.15/30



Near m

The perturbation of S(m, -) from V/n looks like

PERPETUAL DEFAULTABLE CALLABLE CONVERTIBLE BONDS - p.15/30



Near m

The perturbation of S(m, -) from V/n looks like

o If K > K., then no-calling solution holds for small enough m;
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Near m

The perturbation of S(m, -) from V/n looks like

o If K > K., then no-calling solution holds for small enough m;

o If K < K., then no-calling solufion gefs changed immediately
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Last my bonds exercised arf once; is it
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Last my bonds exercised arf once; is it
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Last my bonds exercised arf once; is it
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Last my bonds exercised arf once; is it

... orone of the other 8 alternatives?
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Last my bonds exercised arf once; is it

... or one of the other 8 alternatives? Only the above 6 can occur;
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Last my bonds exercised arf once; is it

)

... or one of the other 8 alternatives? Only the above 6 can occur; more than
one can occur;
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Last my bonds exercised arf once; is it

)

... or one of the other 8 alternatives? Only the above 6 can occur; more than
one can OCCcur; Oor none can OCcCur,
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How does it look asmg | 07

Cael Case?2 Case3

Case4 Cae5 Case6
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How does it look asmg | 07

Cael Case?2 Case3

Case4 Cae5 Case6

—

)

As mg | 0, Cases 3 and 4 eventually disappear; so only possible live intervals at
m = 0 are examples of the others.
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Example 13

sigma=1, r = 0.6083, delta= 1.4607, rho = 1, tau = 0.1985, p = 0.7264

0.912

0.821
0.730 \
0.639
0.547
0.456

0.365

0274 /
0182 /

0.091

0.000 i I i I i I i I i I i I ' I ' I ' I '
0.0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1.0
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Example 12

sigma= 0.4, r = 0.06, delta= 0.06, rho = 0.07, tau= 0.25, p= 0.1

1.365

1.228

1.092 7

0.955
0.819
0.682
0.546

0.409

0.273 /
0.136 | /

0.000 i I i I i I i I i I i I ' I ' I ' I '
0.0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1.0
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Example 8

sigma=0.5,r=0.9, delta= 0.1, rho =1, tau= 0.4, p=0.55

12.67
11.40
10.13 7
8.87
7.60
6.33
5.07 7 /
3.80 7

253 7

1.27 7

0.00 ! I i I i I i I i I i I ' I ' I ' I '
0.0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1.0
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Example 11

sigma= 0.1, r = 0.04, delta= 0.0525, rho = 0.05, tau = 0.5, p= 0.5

1.50
1.35 7
1.20 7
1.05 7
0.90
0.75

0.60 7

045 [

0.30

0.15

0.00 i I i I i I i I i I i I ' I ' I ' I '
0.0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1.0
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Example 19

sigma=0.2339, r = 0.04, delta= 0.05,rho =1, tau= 0.6, p= 0.3

38.76
34.89
31.01
27.13
23.26
19.38 7
1551 7

11.63 7

7.75 A

3.88 7

0.00 i I i I i I i I i I i I ' I ' I ' I '
0.0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1.0
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Example 30

sigma=1, r = 0.3496, delta= 0.8685, rho = 1, tau = 0.4413, p = 0.8441

1.363

1.227

1.090 7

0.954
0.818
0.681

0.545

0.409 -
0273 -

0.136

0.000 i I i I i I i I i I i I ' I ' I ' I '
0.0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1.0
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Example 10

sigma=1, r=0.1628, delta= 0.3773, rho = 1, tau = 0.6284, p = 0.6654

3.671
3.304
2937
2570 7
2.203

1.836 \

1469

1.101 7

0.734

0.367 _——

0.000 i I i I i I i I i I i I ' I ' I ' I '
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Example 10

But Case 4 can arise for larger values of m/!!

sigma=1, r=0.1628, delta= 0.3773, rho = 1, tau = 0.6284, p = 0.6654
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The case when K > K.

The no-calling solution holds for small m, but as m rises, what do we see?
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The case when K > K.

The no-calling solution holds for small m, but as m rises, what do we see?
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t

In fact, only the lasf of these ever happens.
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What happens beyond the crifical point?

sigma= 0.4, r =0.06, delta= 0.06, rho = 0.07, tau = 0.25, p=0.1
K =1.742604827494
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2428

2.185

1.942

1.699
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1214

0.971

0.728

0.486

0.243

0.000

sigma=1, r = 0.6083, delta=1.4607, rho = 1, tau = 0.1985, p = 0.7264

K = 1.149641917507
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1.268

1141

1.014

0.888

0.761

0.634

0.507

0.380

0.254

0.127

0.000

sigma=1,r=4.2, delta=0.9043, rho = 1, tau = 0.2483, p = 0.2283
K = 0.766566211071
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CONCLUSIONS

e Ingersoll’'s paradox: may be explained by tax/cheap loan effect
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CONCLUSIONS

e Ingersoll’'s paradox: may be explained by tax/cheap loan effect
e Without calling, gradual conversion as value climbs
e With calling, low call price, can see

- gradual conversion until B reaches K

- No conversion at all

- cheap loan effect

- cdlling as S and B fall!

- desperation calling for low m and V'

- block conversion
e With calling and high call price, can see

- orderly no-call solution for small m

- continuous conversion for large enough m

- cadlling as .S and B fall

- other types of behaviour
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