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The Fundamental Error of Financial Modelling

The FEFM is to directly model quantities which are derived, rather than the
fundamental quantities fromm which they are derived.

e Model defaults of many names by firstly fitting individual names to CDS data,
and then postulating some (copula) dependence between them;

e Modelling forward interest rates (HIM approach) imposes conditions on the
drifts;

e Market models fit to swaption prices ... and then fit a quite different model
tfo caps;

e The implied vol surface is derived, from the asset price process; treating it as
a random field and imposing dynamics on it can lead to inconsistencies;

e The BS model of a stock takes the stock price as fundamental, whereas the
fundamental is the dividend process.
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APT and equilibrium pricing compared

e Equilibrium prices are "arbifrage free’” - but the set of AP systems is much
bigger than the set of EP systems;

e In APT, start with the price processes, and find out about the pricing
measure;

in EPT, start with the pricing measure - the marginal utility of aggregate
consumption - and find out about the (equilibrium) prices;

e I[N EPT, need agents’ preferences and endowments, assets and their dividends
- a lot of modelling primitives to specify, and few explicit multi-agent examples;

e APT requires fewer modelling primitives, and admits many fractable examples
... but the theory is problematic in various ways.

Equilibrium prices satisfy more properties than just abbsence of arbitrage; once
we recognise this, the problems of APT vanish.
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change of numeraire.

‘Doubling’ example. The price processes

By = 1 (0<t<T)
St = Wi+ at (OStST)

adllow the doubling strategy (wg = 0):

It <71)

ﬁ dSt (7‘ = inf{t D wWe > 1})

dwt =

Reflections on modelling, arbitfrage, and equilibrium - p. 5/1



APT: issues and examples, |

FTAP in finite discrete time (Kreps, Pliska, Harrison, Ross, D-M-W ..):
NA < there exists an EMM

REMARK. The theorem is unaffected by equivalent change of measure; and
change of numeraire.

‘Doubling’ example. The price processes

B: = 1 (0<t<T)

St = Wi+ at (OStST)
adllow the doubling strategy (wg = 0):

It <71)
VT —t

Usually restrict to admissible wealth processes, bounded below in some way:

dwy = dSt (7‘ = inf{t D wWe > 1})

Reflections on modelling, arbitfrage, and equilibrium - p. 5/1



APT: issues and examples, |

FTAP in finite discrete time (Kreps, Pliska, Harrison, Ross, D-M-W ..):
NA < there exists an EMM

REMARK. The theorem is unaffected by equivalent change of measure; and
change of numeraire.

‘Doubling’ example. The price processes

By = 1 (0<t<T)
St = Wi+ at (OStST)

adllow the doubling strategy (wg = 0):

I(t<
dws = % dSt (7 = inf{t : w¢ > 1})
Usually restrict to admissible wealth processes, bounded below in some way:
for example,
we > —a Vit
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APT: issues and examples, 2

The notion of boundedness should be invariant under equivalent change of
measure; and change of numeraire ...

so perhaps the notion of boundedness should be modified to
wy > —Qr Vit

for some non-negative gains-from-trade process Q7

Loewenstein-Willard: if Q is a suicide strategy, then there can be arbitrage with
this extended nofion.

Why was no such bound required in the finite discrete-time FTAP??

FTAP (Delbaen-Schachermayen):
NFLVR < there exists an equivalent o-marfingale measure Q

We would like to have
St - EtQ [ST]7

but that’s not what we get.
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o (0,F,(Ft)o<t<r,P) satisfying usual conditions;

e Idenfical agents, looking to max EU (c¢), where c is consumption at time T;
e Assefsl,..., K delivering dividends § = (61,...,dx) af time T, in net supply
q=(q1,---,q9K) Peragent.

Equilibrium problem: find (equilibrium) price process (St)o<i<7 such that when

agents behave ‘optimally’ the marketsclear- c=A =q-6.

Assuming U(A) € L', introduce the vector space
V={nel’(Fr):forsomee >0, UA+tn) €L V|t|<e}

of tradable contingent claims.  Assume
(A) o6 € V,and that there is a strictly positive v € V

Forany n € V, we have marginal utility pricing:

lim t ' E[U(A 4 tn) — U(A)] = E[U'(A)7)].

t—0

Note we do notrequire U’'(A) € LY; if1 € V,then certainly U’(A) € L', but this
is not assumed.
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EPT: assef prices, wealth, and opfimization

Define the (marginal) price of asset k£ in ferms of the numeraire:;
Sf = Ei[U'(A)d) |/Ne

where
Ny = E [ U (A)v].
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where
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some self-financing portfolio process 0: (n: is holding of numeraire at time t)

wtznt+9t'5t=wo+/ Oy - dSy,
(0,t]

Reflections on modelling, arbitrage, and equilibrium - p. 8/1



EPT: assef prices, wealth, and opfimization

Define the (marginal) price of asset k in ferms of the numeraire:
where
Ny = E [ U (A)v].

The agent generates a wealth process w by investing in the assets according to
some self-financing portfolio process 0: (n: is holding of numeraire at time t)

wtznt+9t'5t=wo+/ Oy - dSy,
(0,t]

where 0 € € = U, &,,, and

Ep = {Z Zi(Ti—1,T;] : 0 < Tp < ... < Ty, < T stopping times, Z; € bFr, }.
=1

Reflections on modelling, arbitrage, and equilibrium - p. 8/1



EPT: assef prices, wealth, and opfimization

Define the (marginal) price of asset k in ferms of the numeraire:
where
Ny = E [ U (A)v].

The agent generates a wealth process w by investing in the assets according to
some self-financing portfolio process 0: (n: is holding of numeraire at time t)

wtznt+9t'5t=wo+/ Oy - dSy,
(0,t]

where 0 € € = U, &,,, and

Ep = {Z Zi(Ti—1,T;] : 0 < Tp < ... < Ty, < T stopping times, Z; € bFr, }.
=1

We restrict the portfolio, not the wealth process!

Reflections on modelling, arbitrage, and equilibrium - p. 8/1



EPT: assef prices, wealth, and opfimization

Define the (marginal) price of asset k in ferms of the numeraire:
where
Ny = E [ U (A)v].

The agent generates a wealth process w by investing in the assets according to
some self-financing portfolio process 0: (n: is holding of numeraire at time t)

wtznt+9t'5t=wo+/ Oy - dSy,
(0,t]

where 0 € € = U, &,,, and

Ep = {Z Zi(Ti—1,T;] : 0 < Tp < ... < Ty, < T stopping times, Z; € bFr, }.
=1

We restrict the portfolio, not the wealth process!

It is elementary to prove that N.w; is a martingale;

Reflections on modelling, arbitrage, and equilibrium - p. 8/1
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Define the (marginal) price of asset k in ferms of the numeraire:
where
Ny = E [ U (A)v].

The agent generates a wealth process w by investing in the assets according to
some self-financing portfolio process 0: (n: is holding of numeraire at time t)

wtznt+9t'5t=wo+/ Ou - dSu,
(0,t]

where 0 € € = U, &,,, and

Ep = {Z Zi(Ti—1,T;] : 0 < Tp < ... < Ty, < T stopping times, Z; € bFr, }.
=1

We restrict the portfolio, not the wealth process!

It is elementary to prove that N:w is @ martingale; and if we starf from
wo = q - Sp, we can easily prove that the portfolio process 6;: = ¢ is optimal.
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EPT: optimality

The optimization problem now is to

sup E[ U(vwr) ].
oec&
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With conjectured optimal 6, tferminal wealth is ¢ - S in the numeraire, vqg- ST = A
in the consumption good.
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The optimization problem now is to

sup E[ U(vwr) ].
o0&

With conjectured optimal 6, tferminal wealth is ¢ - S in the numeraire, vqg- ST = A
in the consumption good. For any other 0 with terminal wealth w, we have

E[U(vwr)] < E[UA)+U(A)(vwr —A)]
= E[UA)+U(A)v(wr —q-S7) |
= E[U(A)+ Nywp — Npq - St ]
= E[UA)]
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EPT: optimality

The optimization problem now is to

sup E[ U(vwr) ].
o0&

With conjectured optimal 6, tferminal wealth is ¢ - S in the numeraire, vqg- ST = A
in the consumption good. For any other 8 with terminal wealth wr, we have
E[U(wwr)] < E[UA)+U(A)(vwr —A)]
= E[UA)+U(A)v(wr —q- Sr)]
= E[U(A)+ Nywp — Npq - St ]
= E[UA)]

Theorem. The following are equivalent:

(i) Prices (St)o<t<7 are equilibrium prices for a representative agent economy
with utility from terminal consumption, satisfying (A);

(i) There exists a positive martingale N such that

N:S; isa martingale.
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EPT: the converse

Given N and S, seek v > 0, A and U such that

NT = U’(A)l/, NTST = AU’(A)
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Given N and S, seek v > 0, A and U such that
NT == U’(A)l/, NTST == AU’(A)

This implies that S = A/v. Now choose a concave C? function U such that
1 < U’ <2andsuch that z — U’ (x) is strictly increasing.

Reflections on modelling, arbitrage, and equilibrium - p. 10/1



EPT: the converse

Given N and S, seek v > 0, A and U such that
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This implies that S = A/v. Now choose a concave C? function U such that
1 < U’ <2andsuch that z — U’ (x) is strictly increasing.

The equation Np St = AU’(A) has a unique solution A, which has the same sign
as St. Define

L _Jasse (sr#0)
1 (St = 0)
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NT == U’(A)l/, NTST == AU’(A)

This implies that S = A/v. Now choose a concave C? function U such that
1 < U’ <2andsuch that z — U’ (x) is strictly increasing.

The equation Np St = AU’(A) has a unique solution A, which has the same sign
as St. Define

L _Jasse (sr#0)
1 (St = 0)

Because U is Lipschitz, we have
U(A +ev) —U(A)| < 2v| < 2|Np| e Lt

and so v € V. Similarly, A € V.
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EPI: the converse
Given N and S, seek v > 0, A and U such that
NT = U’(A)I/, NTST = AU’(A)

This implies that S+ = A/v. Now choose a concave C? function U such that
1 < U’ <2andsuch that z — U’ (x) is strictly increasing.

The equation Np St = AU’(A) has a unique solution A, which has the same sign
as St. Define

L _Jasse (sr#0)
1 (St = 0)

Because U is Lipschitz, we have
U(A +ev) —U(A)| < 2v| < 2|Np| e Lt

and so v € V. Similarly, A € V.

REMARK: a similar analysis works for finite horizon, with intermediate consumption.
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equilibrium prices 7 such that
ok _ Ey[Uj(cj)or | Ee[Uj(c;)dy |
LB U(ev] T N}

is the same for all j.
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Sy = = .
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equilibrium, we have 67 such that

V_lcj :w%:wg—l—/ 07 - dS.,,
(0,T7]

butisg? € £?  Notlikely!  So we have to allow 67 to be a limit of processes in
£ so that

B[ U; (v(wi, + /( g P45 ] = sup B Uy )]
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Agent j seeks o max E[Uj(¢;) .5 =1,...,J.

In equilibrium, get allocation (c;) such that 37 ¢; = A =371 q6r  and
equilibrium prices 7 such that

k Et[U§(Cj)5k] _ Et[Ug(cj)cSk]

Sy = = .
t Et[ U;(Cj)l/] Ni.?

is the same for all 5.  Assume that each §, isinevery V;.  If there is an
equilibrium, we have 67 such that

V_lcj :w%:wg—l—/ 07 - dS.,,
(0,T7]

butisg? € £?  Notlikely!  So we have to allow 67 to be a limit of processes in
£ so that

B[ U; (v(wi, + /( g P45 ] = sup B Uy )]

Is N7wJ a martingale? If it is, then we get optimality just as before.
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EPI: finding multi-agent equilibria

How would we construct an equlillorium from U, 4, ¢ and agents’ inifial holdings?

Central planner? Define

U(c) =sup{d _A\;jUj(z;): Y xj=c}
j

J

and do single agent optimisation with U, adjusting A to match initial holdings.

° U;(cj) = «;¢ for all 5, so all agents price all tradables the same ..
e Individual agent optimisations?

Discrete time?  Single period is classical Edgeworth box - probably need to
use some algorithmic selection of an equilibrium (Nash bargaining solution?) ...
How would this look as we thicken up the time grid?

Reflections on modelling, arbitrage, and equilibrium - p. 12/1



Final questions

Reflections on modelling, arbitfrage, and equilibrium -p. 13/1



Final questions

e Any tractable examples of multi-agent equilibria?

Reflections on modelling, arbitrage, and equilibrium - p. 13/1



Final questions

e Any tractable examples of multi-agent equilibria?

e Any examples where agents do not agree on untraded (but fradable)
claims?

Reflections on modelling, arbitrage, and equilibrium - p. 13/1



Final questions

e Any tractable examples of multi-agent equilibria?

e Any examples where agents do not agree on untraded (but fradable)
claims?

e |[f so, how do prices change if we infroduce zero-net-supply derivatives?

Reflections on modelling, arbitrage, and equilibrium - p. 13/1



Final questions

e Any tractable examples of multi-agent equilibria?

e Any examples where agents do not agree on untraded (but fradable)
claims?

e |[f so, how do prices change if we infroduce zero-net-supply derivatives?

e Whatif §; isin V; for some but not all 7

Reflections on modelling, arbitrage, and equilibrium - p. 13/1



Final questions

e Any tractable examples of multi-agent equilibria?

e Any examples where agents do not agree on untraded (but fradable)
claims?

e |[f so, how do prices change if we infroduce zero-net-supply derivatives?
e Whatif §; isin V; for some but not all 7

e Is APT another example of FEFM?!

Reflections on modelling, arbitrage, and equilibrium - p. 13/1



Final questions

e Any tractable examples of multi-agent equilibria?

e Any examples where agents do not agree on untraded (but fradable)
claims?

e |[f so, how do prices change if we infroduce zero-net-supply derivatives?
e Whatif §; isin V; for some but not all 7

e Is APT another example of FEFM?!

Reflections on modelling, arbitrage, and equilibrium - p. 13/1



	Overview
	The Fundamental Error of Financial Modelling
	The Fundamental Error of Financial Modelling
	The Fundamental Error of Financial Modelling
	The Fundamental Error of Financial Modelling
	The Fundamental Error of Financial Modelling
	The Fundamental Error of Financial Modelling
	The Fundamental Error of Financial Modelling
	The Fundamental Error of Financial Modelling
	The Fundamental Error of Financial Modelling

	APT and equilibrium pricing compared
	APT and equilibrium pricing compared
	APT and equilibrium pricing compared
	APT and equilibrium pricing compared
	APT and equilibrium pricing compared
	APT and equilibrium pricing compared
	APT and equilibrium pricing compared
	APT and equilibrium pricing compared
	APT and equilibrium pricing compared
	APT and equilibrium pricing compared

	APT: issues and examples, 1
	APT: issues and examples, 1
	APT: issues and examples, 1
	APT: issues and examples, 1
	APT: issues and examples, 1
	APT: issues and examples, 1
	APT: issues and examples, 1
	APT: issues and examples, 1

	APT: issues and examples, 2
	APT: issues and examples, 2
	APT: issues and examples, 2
	APT: issues and examples, 2
	APT: issues and examples, 2
	APT: issues and examples, 2
	APT: issues and examples, 2
	APT: issues and examples, 2

	EPT: representative agent and terminal wealth
	EPT: representative agent and terminal wealth
	EPT: representative agent and terminal wealth
	EPT: representative agent and terminal wealth
	EPT: representative agent and terminal wealth
	EPT: representative agent and terminal wealth
	EPT: representative agent and terminal wealth
	EPT: representative agent and terminal wealth
	EPT: representative agent and terminal wealth
	EPT: representative agent and terminal wealth

	EPT: asset prices, wealth, and optimization
	EPT: asset prices, wealth, and optimization
	EPT: asset prices, wealth, and optimization
	EPT: asset prices, wealth, and optimization
	EPT: asset prices, wealth, and optimization
	EPT: asset prices, wealth, and optimization
	EPT: asset prices, wealth, and optimization

	EPT: optimality
	EPT: optimality
	EPT: optimality
	EPT: optimality

	EPT: the converse
	EPT: the converse
	EPT: the converse
	EPT: the converse
	EPT: the converse

	EPT: many agents
	EPT: many agents
	EPT: many agents
	EPT: many agents
	EPT: many agents
	EPT: many agents
	EPT: many agents
	EPT: many agents
	EPT: many agents

	EPT: finding multi-agent equilibria
	EPT: finding multi-agent equilibria
	EPT: finding multi-agent equilibria
	EPT: finding multi-agent equilibria
	EPT: finding multi-agent equilibria
	EPT: finding multi-agent equilibria
	EPT: finding multi-agent equilibria
	EPT: finding multi-agent equilibria
	EPT: finding multi-agent equilibria

	Final questions
	Final questions
	Final questions
	Final questions
	Final questions
	Final questions
	Final questions


