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Abstract: In this paper, we study interacting diffusing particles governed by
the stochastic differential equations dX;(t) = 0,dB;(t) — D;én(X1,..., X, )dt, j =
1,2,...,n. Here the B; are independent Brownian motions in R%, and ¢, (z1,...,2,) =
any, Ei;ﬁj V (zi — z;)+6n> ), U(x;). The potential V has a singularity at 0 strong
enough to keep the particles apart, and the potential U serves to keep the particles
from escaping to infinity. Our interest is in the behaviour as the number of particles
increases without limit, which we study through the empirical measure process. We
prove tightness of these processes in the case of d = 1,V (z) = —log | « |, U(x) = 2?/2
where it i1s possible to prove uniqueness of the limiting evolution and deduce that a
limiting measure-valued process exists. This process is deterministic, and converges to
the Wigner law as t — oo. Some information on the rates of convergence is derived,

and the case of a Cauchy initial distribution is analysed completely.
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1. Introduction

We are going to consider in this paper systems of interacting Brownian particles in R?
(but, very soon, R) governed by

(1) dX;(t) = ondBj(t) — Djon(X1,.... Xpn)dt, 7=1,2,... n,

where the B; are independent Brownian motions in R¢, and the interaction potential

¢y 1s of the form

Sn(@1,-. Tn) = an ) Z#].V(% — ;) + bn ZU(%‘)-
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Such equations have been studied by many others, going back at least to McKean [4];
see Sznitman [9] for an overview and many other references. Our interest here is in
examples where the interaction potential V(2 — y) blows up in some way as z — y,
but is otherwise reasonably smooth. The external potential U will also be assumed
to be well-behaved. The singularity of V' destroys most of the analysis done on nicer
examples. For one thing, questions of existence and uniqueness of solutions to the n-
particle system (1) become nontrivial, unless it is possible to prove that particles never
meet. Does the equation (1) have some kind of “strong law” limit behaviour as the
number of particles n — oo? Such a limit process would have to be characterised in

terms of the limit of the empirical measure processes,

P = ZX(t)

Elementary calculations with Itd’s formula (assuming that there exists a pathwise-

unique strong solution to (1) with the property that the particles never collide) give

2
n

(2)  dlup, f —““Zw dB; + >

-= Z VHX){2an Y VV(X; — X,)}dt — 0, (uf, V f-VU)dt
j=1 r#j

where (u, f) = [ f(z) ), and f € C}(R?). Making now the assumption that

V(z)=V(-z), x € RY,

we see that

(BW(uf, f) = dMF — na, ( / / ORI y)u?(dfﬂ)u?(dy)) i
0,7 VU + T g A

where dM* = n~ 1o, 2?21 Vf(X;)dBj is (the differential of) a continuous martingale,
with

dM");, o2 &
dt n




It is now tempting to conjecture that if 6, = 6, o, = a/2n, and 02 — 02 (n — o),

then the empirical measure processes (113 ) should converge to a measure-valued process

(p1¢) satisfying

@ dufr=-2 ( ], (HVw)vVe - y)uxd%(dy)) i

2

— 610, V- VU)dt + T {jue, Af)dt,

for all f € C}(RY). The quadratic variation of the martingales M" disappears in
the limit, leaving an entirely deterministic evolution equation. There are, of course,

numerous questions to be answered before this heuristic can become a proof:

(5.1) Is the finite particle process well defined?
(5.11) Is the double integral on the right-hand side of (4) well defined?
(5.ii1) Is the family {(u})i>0;n = 1,2,...} tight?

and very importantly
(5.iv) Does (4) characterise (y;) uniquely?

The way we have written the double intergral in (4) helps to answer (5.ii), in the sense
that if the singularity of V' at 0 is not too bad, then it will be neutralised by the
term Vf(z) — Vf(y). The issue of tightness is not too hard in practice, but, as with
the martingale-problem method applied to multidimensional diffusions (see Stroock &
Varadhan [8]), it is the uniqueness assertion which is the hard work. We have as yet
no general results; this paper is devoted to the study of one particular example. This

example is in dimension d = 1, taking

6) V(z)=—log|z] U@) =22’ an=-250 6,=6>0 _ (2
() (T)_ og ||, (m)_Ql'? O‘n_Qn y Un = y On = " s
so that (1) reduces to
200 o dt
dX; =41/ —dB; + — —— — 6X,dt.
(7) J n ]+H;X]_Xr J

This random motion of particles with electrostatic repulsion and linear restoring force

arises in a natural way in the study of the eigenvalues of a randomly-diffusing symmetric

3



matrix; see McKean [4], Dyson [2], Norris, Rogers & Williams [5], and Pauwels &
Rogers [6], p. 254. The eigenvalues of a randomly-diffusing symmetric matrix obey
the equation (7) with § = 0. The case 6 > 0 just corresponds to a matrix diffusion of
Ornstein-Uhlenbeck processes, rather than Brownian motions.

This interacting SDE has recently been studied by Chan [1], who uses different
methods to establish the main result under certain additional assumptions. We were
unable to follow the argument provided in a number of places. The approach adopted
here is more concrete, in that it exploits special features of the example studied, and
makes clear the parts of the argument which will not go through in a general setting.

The plan of the rest of the paper is as follows. In §2, we prove that (under suitable
conditions on the coefficients) provided the particles start at different places, they
never meet; this is established for general C? external potential U and the logarithmic
potential V. In §3, we obtain the tightness of the empirical processes {(i})i>0 : n >
1}. The most interesting part of the current work is in §8§4-5, where we exploit the
special features of the problem. In §4, we take U(z) = 2?/2, f(z) = (x — 2)~!, where
zeH={weC: Im w > 0}, and we use (4); a little algebra yields the PDE

2 My(z) = (aMy(z) + 0z) Z My(2) + M (2)

Mo(z) = [ toldv)

v—=z

where

v —Zz

M(z) E/M

It is the analysis of this which provides the proof of uniqueness (5.iv). In §5, we pursue

the analysis further to complete the main result of this paper:

THEOREM 1. Assume the explicit form (6) for the potential ¢.

(1) For every probability measure g, we can arrange initial positions for the particles

such that the limiting measure-valued function

(He)tz0 = w-limp o0 (414 ) 120

exists and is the unique continuous probability-measure-valued function satisfying

o) = o)~ 5 [ as([ [T )
— G/Ot ds{us, U'f').

(ii) Ast — oo,
Hi = MW,
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where pw 1s the Wigner semicircle law with density

8 /2« 2 2[
a\ 6 " (lz|<\/2a/6)"

Remark. The way we arrange initial positions for our particles is as follows. Given
tto, 1t 1s always possible to put the particles in such initial positions that puf = po and
that there exists a C'> function fy : R — [1, 4+00) satisfying

fo(z) = fo(=2), fo(z) T oo as z T +oo,

and

sup{jig. fo) < +oo. O

We will exploit the explicit form for the solution to the PDE for M to obtain more
detailed information on the rate of convergence in Theorem 1, under the assumption
that ;o has a finite first moment. Finally, we compute M;(z) explicitly when g is a
Cauchy law. One interesting feature is that ¢ has no moments for any ¢ > 0, even

though the limit law pyw is compactly supported.

2. Non-collision and non-explosion of particles.
Let us assume from now on that we are in dimension d = 1, and that the interaction

potential is V(z) = —log |z|. We have the following result.

PROPOSITION 1. Suppose that the X;(0),7 = 1,...,n are distinct, that U is C*?
satisfying

—zU'(z) <~ for all z

for some vy > 0, and that the processes X are defined by (1), at least up to the stopping
time
T = inf{t: X;(t) = X;(t) for some i # j or X;(¢) = oo for some ¢}.

If

2
4oy, > 0,

then P(T = o) = 1.



Proof. Consider

0.2
= D;¢n(X,)ondB; + 7"ZA]¢,2(Xt)—ZD]¢n(Xt)2 dt.
J J

Since U is C?, we have

1
Djgn = —20n Y +60,U" (),

ey 9T
, 1
Ajpn =2an ) G T U ),
r#g T

so that the drift term is
o, L t 2
72Aj¢n —ZD]‘Q%(X
J J
1 o2
= an, 2 n-’n UI/ X
o U”ZZrij(Xj—Xr)Z—l_ 9 Z ( ])

J

2

—Z QanZX — U'(X;)

r#j

= On0yp Z Zr;ﬁ] X; X ~ (2an) Z Zr;ﬁ] Xj X
— (2a,) ZZZMN distinct (X; — X )(X - Xp)
+4an9nZU/( ZX < -6 ZU ,  On 9 ZU!/(X]‘)

J r#j J

1 U'(X;) = U'(Xy)
= (ano — 4a? ~ %z T 20nbn ;
(a Tn a")z Zr#i (X] - Xr)2 e ZZT#j Xj - X
, 06,
60 DU+ S YUY
7 J

because the triple sum vanishes, as one sees by permuting the indices j, p, and r in the

sum. Now let us fix M > 0, ¢ > 0 and K > 0 such that
K> max |X;(0)];
€< lsrlril]nSn | X:(0) — X;(0)].

Set



Hi =inf{t >0: |X;(¢)| = K, for some j};
e =inf{t > 0: |X;(¢t) — X;(¢)| =€, forsome i # j}.

It follows immediately from what we have just done that the condition

2
4o, > 0,

ensures that, if we stop the process at Hg, the drift term in d(¢,(X¢)) is bounded
above by, say, Cq(K). Therefore,

t = pu(XEAMAHg A7) — Co(K)EAMAHg A7)

is a true super-martingale. Let

A={r. < Hg,7. <M}
Cy(K) =inf{U(z): |z| < K}.

Then we have

bn(X(0)) + MCy(K) > Ehp (X (M A Hg A 7))
= E[¢n(X(7e))1a] + E[én(X (M A Hr )1 4c]
> (—anloge — an(n? —n —1)log(2K) + 8,nC5(K)) P(A)
+ (—an(n® —n)log(2K) 4 6,nC2(K)) P(A)
= (—ayloge + o, log(2K)) P(A) + (—an(n® — n)log(2K) 4 6,nCy(K)) ,

which implies that

P{r. < Hg,7e < M} — 0, as ¢ —0.

We have thus proved that the particles could not collide before an explosion, as K and
M can be arbitrarily large: P[ro<HAM]| = 0 for all K, M and so P(rg < ¢) = 0,
where ( =T lim H is the explosion time. We now prove that ( is infinity almost surely.

Let

1 n
j=1

where we take f to be the function f(z) = 2*/2. Using (2) gives that

P 1 2a X,
dR; = =Y X.dB; + ~o’dt “ —
t nz j J"‘QUn + n sz;,grxj_xr

i=1

— O,V f - VUt
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Now, we see that

ZZ]#rX — X, Zzﬁér( %>

from which

On ~ 1 n
dRy =" Y X;dB; + §agdt + (n — Dapdt — 0, (uy, V- VU)dt

i=1

Defining a new Brownian motion W, we have then

dR, = \/ant AW, + ( o2 4 (n — 1)an — O (u?, Vf - VU>)dt

and by the pathwise comparison theorem of Tkeda & Watanabe (see, for example,

Rogers & Williams [7], Theorem V.43.1),

R; < R; for all ¢ a.s.

where R’ solves

dR}, = \/QnR’ dW; + < O' +(n—1)a, + Gn’y)dt.
But R’ is (a multiple of) a Bessel square process, so it never explodes, and we conclude

that therefore R can not explode in finite time. O

3. Tightness.
In this section, we prove the tightness of the family {(y)i>0 : m > 1}, and that any
limiting measure-valued process satisfies the evolution equation (4).

Let us pick bounded C* functions f; : R — C (5 = 1,2,...) with the property

(8) <:u’7fj> — <,Lbl,f]‘> for aH] = U= /~Lla
and pick a € function fy : R — [1,00) with the properties

folz) = fo(—x), fo(z) Tocasa T oo, x € RT.

In order to obtain the tightness of {(pf)¢>0;n > 1}, it is sufficient (see, for example,
Ethier & Kurtz [3] p.107) to prove that for each j the sequence of continuous real-valued

functions



(ufs fi)iso, n>1

is tight. From (2) and (3) we have (using the fact that V(z) = —log |z|)

7

d{uy, f) = —(: E f/(Xj)dBj + (uy, %O‘if” —0,U' f\dt
f/(l’) _f/(y) n n
noy,d ———— i (dx)pi (dy),
+ t//{#y} Pa— (dz)py (dy)

and the final term is

{nan [ [PELZLE syt ) - antur. 1 at

so that

i F) = 7537 PGB, + (4 (503 — an) " — 6,0 f')dt
J

st [ [Ty ),

Now let us adopt the assumptions (6) concerning the parameters: 6, = 6,«a, =
a/2n,0, = (2a/n)"/? ¥n. This ensures non-collision and non-explosion of particles,

by Proposition 1. Let us also assume from now on that

fjaf]/‘/,U/f]/- are bounded for all j > 1.

Thus we have

wr iyt - [ (5 [ 2L ) + [ o v spas
9) SENDS / DB (6) + [ (5~ o) )i

Now the laws of the processes on the right-hand side of (9) are easily shown to be
tight; using next the assumption that U’f]’- and f]” are bounded, the tightness of
{((p}, f;))e>0 + n > 1} follows from this for every j > 1. Tightness also follows

for j = 0 if we have



(ug, fo) — finite limit (n — oo).

So let us suppose that the initial distributions pJ have the property (ug, fo) < K for
some K, for all n. For given g, we could always find pf and fy to satisfy this and the

other conditions, and this then gives the tightness for j = 0 also.

4. Convergence to the limit process when n — oc.

In this section, we show the weak convergence of 4™ when n — oo, to a measure-valued
process satisfying the evolution equation (4). By the tightness, we have at least that
p"™ = u along a subsequence. Any such limit process p = (ps;t € RY) satisfies

00) ) = o 5145 [ [ [EEE s —o [ o0 s

Now let us take up the remaining assumption of (6), that U(z) = 2?/2, and set

1

”
T — 2z

fi(z) =

where the z; run through (Q x Q) N H. Then

d
M(2) z/”f( Y em

v—2Zz

obeys

(da)pi, (dy)
My(z) = Mo(= +a/ ds// 5_52_5 +9/ ds/ oyt

firstly for z € (Q x Q) N H from (10), then for every z € H by continuity. Simple

manipulations show now that M satisfies the PDE:

2 My(z) = (aMy(z) + 0z) Z My(2) + M, (2)

(11)
Mo(z) = [ toldv)

If we can show that (11) has a unique solution, then by property (8), we actually prove
the convergence of u™ - this time not only up to subsequences! - and thereby part (i)
of Theorem 1.

We first need a lemma.
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LEMMA 2. Forevery z € H, A\ > 0 and o > 0, there exists a uniquer = r(\, 0, z)

such that

2= \r — 0'/ fto(dv) = Ar — o My(r).

v—r

Proof. (Uniqueness) If rq # ry € H satisfy

(12) z:Arj—a/M, (j=1,2),

v =Ty

Ay —73) :U/Mo(dv) (v_lrl - v_1r2> :U/Mo(dv)(v —rrll)_(vrz— ry)’

implying

/ fo(dv) _ A
(v—ri)v—r2) o

Writing r; = a; 4+ 1b;, (7 = 1,2),b; > 0, we deduce that

(13> /(U_al)(v_GZ)_bleMO(dv) _ g

|v—r1 2|v—ry |? '

(14) / bilv Za2) +halv =)y — o,

lv—r1 Plv—re |2

It follows from (14) that

Clgbl + albg ILLQ(d’U)

15 — :
(15) /|v—r1||v |2”°( v) by + by 0 — 11 2| v—rs 2

and since

(’U — al)(v — GQ) — blbg :| vV —T9 |2 —|—(G2 — al)(v — 612) — b% — ble,

we obtain from (13) that

11
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/ to(dv) / vitg(dv)
|v—r1|2 lv—r1 ?|v—ry |?

2 fio(dv)
_(a2(a2—a1)—|—62—|—blb2) |’U—T1 |2|’U—T2 |2
(g) po(dv) (az — a1)(azby + a1b2) po(dv)
|v—r1 |2 by + b lv—r1 ?|v—rg |?
fo(dv)

2
_(a2(a2—a1)—|—62—|—blb2) |’U—T1 |2|’U—T2 |2
(12) A Imz by 9 9 pto(dv)
22 _ . by 4+ b.

> obs b + by [(az —a1)” 4 (b1 + b2)7]

lv—r1 2|lv—rg |?
A

< B

o

which is a contradiction.

(Existence) Let zg € H be fixed and let

qb(r)Ezo—l-J/M, r e H

v—r

So ¢ : H — H. We only have to show that A\r — ¢(r) has a zero in H. If not, we first
notice that, when 0 < Im(r) < Im(z)/2A,

Im(Ar — $(r)) < ~Tm(z0)/2;

on the other hand, when Im(r) > Im(z)/2X and r — oo, ¢(r) remains bounded, so
(Ar — ¢(r))~" converges to 0. Therefore,
1

h()Em, reH

is bounded analytic in H, and so is h. defined by h(r) = h(r + i€),r € H. It follows
from the Stopping Time Theorem that, for every r = a + b1 € H and every € > 0,

oo dy
(16) he(r) :/_ d?h (x )m

For z € R and € < Im(z9)/2), the imaginary part of A(x 4 7€) — ¢(x + i€) is smaller
than —Im(z0)/2, which implies that, h.(x) has positive imaginary part. Consequently,
we have from (16) that Imh.(r) > 0 for all € H, and then, as 0 < € < Im(zg)/\ is
arbitrary, h(r) = (A\r —¢(r))~! € H. Thus ¢(r) —Ar € H for all r € H, which is absurd.
0
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It is time to show the uniqueness of the solution to (11). Suppose M;(z) is a solution

o (11). If we define

6
N=M+ 2z,
(8}

then re-expressing (11) yields

(17)
No(z) = f 2ol 4 8,

Consider the following differential equation:

(18) Zy = _aNt(Zt)7

with some given starting value zp € H. Then there exists a unique solution, defined
up to the time when z; first exits H. Notice that Im(z;) is decreasing. Differentiating

with respect to t, we get that

.. . . ON
Zr = —aNy(z) — azta
N ‘ N
= —a2Na— + 6%z + a2Na—
0z 0z

implying that

z¢ = Acosh 0t + B sinh 6¢

= 2o cosh 6t — %No(zo) sinh 6¢

= z0e 7t — %1\/[0(20) sinh 6¢.

By Lemma 2, given any t > 0, and any w € H, there is a unique choice of z5 =

zo(t,w), zy = w. Thus

0
(19) Ny(w) = ——2; = ——zp(t,w) sinh 0t + No(z0(¢,w)) cosh 6,
o

«

proving the uniqueness of the solution N to (17), hence the uniqueness of the solution

M. The first part of Theorem 1 is now proved.
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5. Convergence of the limit process to the Wigner law.
We have proved that (¢} );>0 = (pt¢)i>0 where (ps);>0 is characterised as the unique

solution to (10). We shall prove in this section that, when ¢ — oo,

Mt = HW,

where pw 1s the Wigner law with density

6 /2« 2\’ I
ra\ e " (lz]<\/20/8)°

By Lemma 2, for every z € H and t > 0, there exists a unique zg = 2o(¢, z) such
that
(20) z=e 0y — %JWO(ZO) sinh 6¢.

Recall

0
N=M+ —=z.
!

Developing (19) yields

0
Ny(z) = —Ezo(t, z) sinh 6t + No(20(t, z)) cosh 6t

>

(21) = —zo(t,2)e " + Mo(2o(t, 2)) cosh 6t

S oge

=—(z+ %j\lo(zo (t,2))sinh 6t) + Mo(zo(t, z)) cosh 8¢,

e

from which immediately

M(z) = et M, (z0(t,2)).

Fixing z, let e™%'24(t,2) = a(t) + ib(t). Then from (20), b(t) > Im(z) > 0, for every
t > 0. Moreover,

asinhft 1 o
- >

Im(z) > b(t) — GeTb(t) > b(t) — ma

implying that

b(t) < Im(z) + /6.
Thus

14



0 < Im(z) <b(t) <Im(z)+ +/a/é.

We also claim that

sup | a(t) |< +oo.
>0

Indeed, if there existed ¢, T oo such that a(t,,) — oo , then by dominated convergence,

we would have

sinh(th)/M — 0.

vV — 20

Therefore

Re(z) = a(t,) — %Re (sinh(etn) / ”O(d”)> o,

UV — 2o
which would be absurd. So, for some sequence ¢, — oo, we have a(t,) — a,b(t,) —

b > 0. By dominated convergence, writing w = a + b, we obtain that

Z=w+ —.
The unique solution to this quadratic which lies in H is given by

/,2 _ 2a
2+ a/z 9

w = =

i
2 6

Ve

The uniqueness of (a,b) shows the convergence of a(t) and b(t) (not only up to sub-
sequences, now). Again because b(t) = Im(e=%"24(¢,2)) > Im(z) > 0, by dominated

convergence, we have that, when t — oo,

M(Z):eot/Mﬂ_lzﬂ 2 2a :/M
- v — zo(t, z) w o« 6 v—2z

Finally, to deduce that p; = pw, consider {u}s>0 as a family of measures on the
compact space [—oc, +o00]. If v is any limit probability measure on [—oo, +oc], then it

follows from what we have just proved that

/ prwe (dv) _ / (o) _ / v(dv) _ / (dv)
]—oo,—}-oo[ vV—Zz [—oo,—}-oo] v—Zz [—oo,—}-oo] vV— 2z ]—oo,—}-oo[ U—Z7

for every z € H, which, by property (8), implies that pw = v. The proof of Theorem 1

is completed.
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Example. Let us analyse completely the only situation where one can calculate any-

thing in a usable closed form: the case of a Cauchy initial distribution. In this case,

-1
z 4+ w’
where w = a + b € H is fixed, and the integral curve of the vector field (18) started at
z € His (see (21))

j\fo (Z) =

asinh6t 1

(22) Fi(z) = F(t,2) = ze™ " + 7 o

which we may invert explicitly: for ( € H,

1 20 1/2
Ft_l(C):§ [Ceet—w—l-{(w%—(eet)Z—?(e”t—l)} ] )
Recalling that

F(t,z) = —aNy(F(t,z)),

we see from (22) that

ot
Ni(F(t,2)) = et - O Py €

Y
o 2+ w o z 4+ w

implying that for ( € H,

0 2e9t

EC CCeft tw A+ [(CePt + w)? — 2061 (200 — 1)]1/2
P Ceet—l—w—[(Ce‘9t+w)2 _2a9—1(e29t_1)]1/2

- EC B 2a60~1 sinh 6t '

Our principal interest is in the behaviour of the imaginary part of this on the real axis.

Ni(C) =

Writing € for e~%*, we have for z € R,

Im Ny(z) = Im My(x)
6 [(z 4 we)? —2a67 (1 — )]V/? — we

«a 1 — €2

= Im

The asymptotics of this can be computed:

Im M;(z) = efa | z | (22 —2a671) 72 — 1] Imw + o(e) (22 > 22671
= Goz_l(QozG_l — x2)1/2 —eba"'2Rew + o(€) (5172 < 2a9_1).

Another interesting feature of this is that for ¢ > 0 fixed, the asymptotics in z are given

by

16



Im M, (z) ~ Im (we_et)/:l?2, (| z [= o0),

so that for any ¢ > 0, py has no moments, even though the limit law pw 1s compactly
supported!
The very explicit form of the solution to the evolution equation (18) allows us

to make precise statements about the large ¢t asymptotics. If

Fi(z)=F(t,z) = ze7 % — af ' sinh 0t My (z)
is the flow map of the solution, then we see that

N(Fi(2)) = —lF(t,z) = gF(t,z) + My(z)e;

a
so if we can get the asymptotics of the inverse to the flow map, we can find the

asymptotics of N¢(-) and therefore of My(-). Let us now assume

(23) / | | po(de) < oo, /:z:,uo(d;z:) = c.
Setting € = =%, let us define

((e,2) = F(t, eetz)

_ @2 po(dx)
_Z+29(1 6)/2‘—61’

and observe that, because of assumption (23), ¢ is C'! in a neighbourhood of (0, z9) for

any zg € H. Considering the map

(e,2) — (6,((e,2)) = B(e, 2),

this map is C'!, with differential at (0,29) equal to

(5 1-3)
26:7 17 3927

So by the inverse function theorem, the derivative of the inverse map at (0,(p) is

1--2% 0
[1—a/292§]_1( 2520 1)

- 3
20z

where (o = ((0,z0) = 20 + a/260zy. Thus

@7 (e,Co) = (0,20) + <17 —m> €+ o(e).

17



Therefore

6 dz
Nt(CO) - _CO + / 20 — ILLOCECE ) —er 0(6)
2923—a N
6 1 20c
=—(o+ oy + 62928 — o(€)
26c
— Noo ,
(Co) + 62923 -« +o(e)

where

NaolC) = 071 (¢ = 20/6)'/2,
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