
A MARTINGALE APPBOACH TO SOME WIONER-HOPF PROBLE]IIS, I,

by

B.B. London, H.P. McKean, L.C.C. Rogers. and David l{i111ams

This is one of two companion papers. This paper, I, studies how certain

of "I'e11er's Brownian trlotions on 10,-)" may be obtained from Brovnian motion

via tine-substitutions based on fluctuating clocks. Paper II starts afresh

vith a look at tlne substitutions for synruetrizable tr'larkov chainsi and in that

context it is posslble to see rather mor:r'! clearly what is going on, Nuch of

tbe fascination of Wiener-Hopf theory Lies in the difficulty of obtaining

explicit answer:s in concrete cases. The second half of Paper II is a detalleC

analysis, partially notivated by our $tudy of the chain case, o{ a concrete

example of the prob1em discussed here in Paper I; and whether or not lt makes

good reading, it was fun to do.
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In these definitions, ve make the usual conventions:

t

B r fj (coffin state)

etc.tand al-Iow the usual notational switches B(t) : B

functional which gror,s only \vhen B e 1--,91 .

Notlce however that we do not require n to be

Note that $ can be the most general continuous increasing addltive
i

See !5.9 of Ito-\{cKearl t4 I

allon, m to assign infinite mass to a singleton

Def lne :

i <0

a inf {u:rnIu,01 <-]>--.

?hen as far +aa the process Y is concerned, the values of n in ( -"', a)

has entered (--, a) , but

We therefore make the

are irrelevant;

by that t ine,

convention:

they come into play only when B

O- is infinite and Y+ is dead.

(2)ifa= inf{u:n[u,o1

1f

-]

m[a,0J

n (--, a)

n(-o, aJ

0

0 if

then

2.

inf{u:( > tl.
ll

B(o ),t



Vre emphasize that

convention (2).

The possibil ity that

lifetines ((X ) of X

can jump to inf tni ty

((Y ) of Y more

Then

requires us to specify thc

pr:ecisely.

throughout the $/hole paper, m is understood to satisfy

Let o inf lt:.b t

4,

and

-i.

(3) !(x ) 11m 4
si(i

6 (Y ) o_ss
- - inf

s.: p

7.2 +
We wlsh to study the 1aw of the process Y

is a strong Markov process with state-space [0,.,);

It ls easy to show

that

4(i)

so that i.f

+
Y

and lt is clear that

+4(il) Y behaves as a Brownlan motion whlle inside the open interval (O,-),

++
G is the infinitesimal generator of +

Y then G f +t"

withiu (0,-).

The results 4(i) and 4(li) exactly

I'e11er Brownian motion 1n the sense of

+conprlse the statenent that Y is a

A,T
55.7 of lto-McKean L/t l. Now the

Ir(x)

donain of the infiniteslnal geuerator of an BrbitrBry f'e1ler Broivnlan motlon z

ls speclfied by a side conditlon of the follovlng type:

(5) p f(0) p f'(o) 1p f ,,( o)
7 3

where p p
1 2

such that

and p are nonnegative constants, p

(0,-)

f"(o+).

is a neasure on (0,-)
3 4

(1(6) )p (dx)
4

f '(0+) , {"(0)and f '(0)

e

f (o) lp, (dx)



Coldition (5) nust be non-tr1via1 in that (p1 ,p2,p3,p4) I (o,o,o,O).

The Lav of Z is completely detennined by the quadruple (p1 ,p2,pj,p4) of

rcharacteristicsr. Moreover, the 14,, of Z determines the quadruple of

'characteristics' provided we consider quadruples projectively (identifying

two quadruples which are (strictly positive) scalar nultiples of a fixed

quadruple). The number p1 corresponds to the killlrtg r'ate ar o, D to'2

p4

the continuous-exit rate at 0, p
3

to the de ree of stickjness al 0, and

is the L6vy kernel describing jumps from 0 back into (0,-). Different

1.3. one of the principal results of this paper is the followlng theorem

nornalisAtions of the quadruplil of characteristics corrcspond t'J differetlt

normalisations of the '1oca1 tinLe' ol Z .\t O. (W( hlrve prrt '1ocr1 t.imc'

in quotes because Z may visit 0 only itt a discr'etr,! set of tinles.)

(7) TI'EOREM. Let z be a Fel1er Brownian notion wlth characteristics

(p1, p2, p3, p4 ). Then there exists a rDeasure !I on (--,0 ] such that z is

identical in law to the time-changed process Y if and onl y if

(8) p3 0andp (dx) dx e J(dr)
4

(0,"')

for some ueasure J on (0,-) satisfying the following obvious equivalellt

to (6) :

(e) t _-t
Lr(r + 1) J J(dr)

+
Moreover, the neasure n 1s then unlquely determined

( equ ivalent 1y bv the triple

by the 1aw of Y

[Note. The probabilistic reason !./hy p

Beed only show that

is 'obvious', for we
.J

0forY +

4.

(p1 ,p2,J)).
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measure { t;Y oi o
L

has 'no Lt (O) component' . lle shalland thls 'must' hold since ,1,

give a proper (analytic) proof 1ater. I

Of course, the 'abstract' statenent of Theoren 7 needs

by the niore interesting soluti.on to t he. 'practicaL ' problem:

i)( Lvircn measures n andexplicit the one-one co rre s po n.lenc e

to be complemented

I{ow does one make

(coDsidered projectively)? The sol.ution is described

i ntroduced the necessary termirlologJ,.

1.4. Our basic nclhod is the 'niarl.ingale-prol)1elD' approach to this type

M exp(*0 defines a martingale M

in i1.7 sfter i{e have

on lll sucir that

+

tril)1es (p1'Pz'J)

of problen employed in Barto -Rogers-\fi11iams I 1

For each 0 > O, we find a bounded function

I and Rogers-l;itliarns I l: ]

to

3

t

exp 1{ o2t ) t 
u 
<vl)

t)

lis bounded on

(10) 4,t)fo(Bt)

fe). 9(c*) (and o*ru1-
U

0Since M

opt ional- saep I ing theor.cn to deduce that

is a mart ingale,

+

,
( 11)

Our hope

deternlne

justified.

Note. We need

each interval of the form IO,r we may apply thet

whence, wlth G again denoting the irrfinitesin&1 gen.:'ator of Y , ve have

-lo

16 that on feeding the inforrrration (11) into formula (5), we can

the characteristics (p1 ,p2, p3,p4) of Y and thls proves to be
+

application of

'; = -' Now'

essential thing

to be rather careful in checking the validity of the above

the opt ional - sanpl ing theoren because of the possibility that

of course, fo(a) = O, by the usual convention. so the

to prove is that (except on a null set of ur)



6

4, u
< t (Vu) I

u
0

I tim ttl 01.

+
B(o

But it is easy to show that lf -6 < 4]

-1

1.5. Conslder

< t (Vu), t hen
u

of finding a bounded Junction

a nar'1ingale. Sjnce we must hava'

o II
(For exanpl c ,

on IR sl-lc i1

consider the L6vy process 4, . Ii introduced later. )

that M as def i ned

the probl cm

at (10), is

f
0

C

2+r':
tr

-ra

<12)

I
tl

tf

on (0,-), we can take:

1(0)cos 0x + {) siD ilx oD (0,",).(x)

We have chosen the normalisation: ri(o)

later.

0 e

Recall the definitions oJ o+ and X

+

1 for reasons which will emerge

+

+course X is a reflecting Brownian notion with standard local time at O

before t equal to A(o

) at (1b) and (1c) . Of

lvhere A is standard 1ocal time at 0 for Bt

Y<.1 ! oiB(s):s

A(t) - iL t

llttl - o{x':s < t}
{.)

Jr

I{ence, the 'optional

(0)

Wlth apologies for the confllcting use of o's (!), we define:

C

0Slnce the nartlngale trl ls bounded on each interval of the forn

the optional-sampling theorem l,np11es that

+ot)

is a [artingale relative to tlle fj.ltration

projection'

C+M (o )' t' 1aexp i [0 i,t toii lru<xlr

tY<"ir t.

.B
EIM (o,) t,,,1 lt

t!<t>l . utilisins the

- +-L0,otl,

defineg a nartingale relative to the filtratlon
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independence of the 'up' and 'downi excursion

standard independent-incremelt properties, we

processes f rom

have:

0 and sone

nust satisfy

(13)

where c
fl

tl. The f .rct that ttre €'xpr.cssion

-Lo
2

1s deternined via the equation:

-1(A (r) l,tE

4u,

2(74) exp ( -c 0t) exp[-t0

where,

at (1.3)

of cou ): s e, A ( t) = inf {u: i\ (ri)

defines a martingale implies that

ff
0

f
00

cnf U(o) ,

, {l'<li ) and
0

where 0 is the infinitesimal generator of elastic Brounian motion with

See !2.3 of It6-licxean

11

killing aolrstant c

the boundary condi tion:

(0)

fd(o)

14t

0

2

Hence,

f = "o
-1

E

E

exp (-c t)dt
0

[0,-)

exp[-]o 4, (^

2

-1

t)d,'r(o

(t)) ldt

[0,-)

Io,((x-))
exp(-|C t

By a further elementary application of the optional-sarnpling theoren to (1O),

the reader can easily show that

+ ,) .. 2 2 r rEIM (or)lYr I = expl ,u t - r'" '(',) f (x,).

and we have (using (14) ) :



f x
E exp(-10 t)dl(o(15) (x)

A(o

t4i.

(x)

0

0

Io,e(x-))
t ) (a < x < O)

x
E is the usual expectation associated with thewhere a is as in (2), and

lav Px of B started at x

1.6. Suppose for a noment that m is finite and strlctlv positive on

every

(--, o l
I to-McKean

( 16)

implles

denslty

compact

and

subinterval of (-.', O l. Then x is a diffusi.on process on

at 0. See 55.4 of) ls the standard local tine of xt
Hence,

2rf (x, o) (r = leI

where tl(

neBsure 2m

as the unlque

<77 > dm dx fe

that

) is the resolvent density function for X relative to the

In partlcular, the function f0 on (--,01 nay be calculated

bounded non-negative solution of the equations:

dd 6'l
B

on (--,0), r;(o)

0

1

(x)n(dx) (b < c).

to Lebesgue measure with a

See 55.4 of oym-tucfean [2J. [Remark. Since the first equation at (17)

B

fO 1s absolutely contlnuous relative

satisfylng,

a2 t
(b,cl

it follows that fd(O) 1s well-deflned.l

theory (see 55.5 of DJrn-McKean t2l) tr,"t

It ls e standard plece of spectral

G dr)f (o) r (o,o)I0
0

for sone Eeasure G on [O,-).

-rLo,-) +
2

8.

f: (c) - rl(b)Ub



every compact subinterval of (--,01, then

If we r€1ax the assumption that m is fillite and strictly positive on

(17) still ho1ds, but now we have

(18) (0)f Y+

for sone

c(dr) _

l
0

inf{u < 0;m[u,0]where -y

7.7 .

-rlO,-) 0+

0 ] and G is again a measure on I 0, ,,) .

[ttote. A certain anount of poetic I icence may bc

a. Thcn f

needed 1n the interpretation

of (17) when n[a,O1 (a) O , rrncl we may n eed

forn of froal the

reader to check the converse

measures m satisfying

0

llcence to interpret 0 x -1.

We thought 1t instructive to derive the analytic
0assumptlon that M ls a martingale. lfe leave the

{
(l

reault, the one we really need: viz., that if t0 has the analytic form llle have

descrlbed, then Me ls indeed a martingale.

The deep and very renarkable inverse spectral theorem of Krein

(see Dlm-McKean

(2) into one-one

[J]) t"rl, us that (17) and (18) put

correspondence wlth pairs (y,C), where

-1( 19) - > Y > 0, (r 1) G(dr) and G 0 if Y=.'.

that if the pair (y,G) satlsfies (19), and if f

+

We aha1l prove

4eflned by (18) and

(0) 1s
0

f on (0,-) via <12), then the quadruple (p1 , p2, p3 , p4)
e

1qlletelIingd unlquely (nodulo nultiplication by scalara) by the fact that

te satisfies (5) for all 0 > 0. If we tenporarlly assume (8), we are 1ed via

(18), (12), and (5) to the relatlon:

9.



10.

G(dr)(20) Y+ 2-r
1.0 , ,")

0
J (dr)

r(r + 0 )

+

p1 +0
(t),-)

But we shall prove analytically that ation (20) sets up a one-one

correspondenco bet.lxeen pai rs (Y,c) siltisfyinFi (19) anr:l t.riples ,p , J)(p
1

(consldered pro ectively) v.here p

IIence, of cour se

ls determined by

We sketch a proof that

1

(8) must hold, because of the fact that (p1 ,p2,0,p4)

the values I (o).

o, ,, o and J satisfies (9)

I
* | .r <a"l

)r' + 0'
(2L) 9z E exp(-|0 t)dA(r )t

Io,e(v-))

ao that the numerator on the right-hand side of (2O) may be regarded as the

'reaolvent densltv' ;.-A (O,O) -tor the process Y ,

spectral deconposition of

This means that the J

neasure ar:ises f rorn the the transitlon sernlgroup of

the Y

because,

general ,

process. At flrst sight, equation

except 1rr trivial ca.ses, the process

1s therefore rather surpri s i ng

is not synmetrizebte- (In

<2t)

Y

factorization of the L6vy ( independent - increnen t s )

that, especially, the f i.ne Greenwood -Pi tnan paper

Y will make Jumps from O, but not to O,)

1.8. We are of course awar.e that (20) corresponds to a Wiener-Hopf

process 0" if-1, and

. ] -LJ I provldes muc h

tI J(dr)
Pp * I ;- 'I r +0'(o,')



probabil j.stic insight.

However, it would be totally lrrong to lnagine that everything of interest

in the present paper can be attributed in soBe vay to the 'dominant' rAle of

-1the process 0 "A -' Indeed, Paper II makes it clear that the way in which the

spectral deconpo

+
Y reflects a general prlnciple for lrlarkov processes.

1l .

sition of the transltion semigroup of Y governs the 1aw of

sone explanat ion, r&ther than only verification, of why

Paper

thc p

II also gives

measu ae f ol'
4

tY is conpletely monotone.

91 In 53, ve show that
0

the martingales 11 at (10) forn

is iml)1 ici t in v rious un'jqucnf.ss

x

a '{u11'

assertionsfamily in a

made above.

stronger sense than

+In parti.cular, we show that for x < 0, the P ]aw 9{ Y^

1s UNIQUELY deternined by the wald identity (optional-sanp l ing resu l t) :

x
E (x)

B o
+ f)f Y6 > O

0

Acknovl edgenent . The \{ork of one of us (Rogers) wa6 partially funded by the

Science Besearch Councl1.

H.P. Mcl(eau gratefully acknowledges the partial support of the Natioral

Sclence foundation under Grant No. NS!'-MCS 7900813. Reproduction ln whole

or ir part ls pentritted for any purpose of the U.S. Government.

Thls key unj.queness theorem is obtained as a consequence of the lliener-Hopf

factorlzatlon (20) of f0(0).



2 Pr-oof s ,

G dr)
2 2

Let n be glven. For 0 > O, the value f0(O) corresponding to

0

&nd (P ,p ,p ,p

m

(0,1,o,0,),

has the form:

(22) (o)f Y+

e

Io,-)r + 0

where y &nd G are as at (19). Also,

1f (x) f (O)cos0x + 0 sin t-r x (x € [ 0,'.') ) ,0

and fo satisfles Feller's side condition (5). Hence, we have the key

relation:

(23) fO (o) [p1 P3, (1 - cos 0 x)pr(dx) I+0

P2 *

INote. The 'extreute' cases:

n(--,0J = O correspondlng to fe

and

n{O} correspondj.ng to fO

r,/i 1t henceforth be lgnored.]

(0) o and (oa,nr,na,nn)

1 0- 
1s in 0 x) pn (dx) .

(0) )
1 2 3 4

(1,0,0,0),

<24) LEr\nrA . p
3

Proof. We examine the orders of nagnitude ol the various expressions

occurrinB in (23). First, note that

6

1

I( 0-1e 1n O x) pn (dx ) |

0

xp
4
(dx) + 0 p4 (dx) .

I
I



Glven e > 0, we caD

hand si.de is less than

terB is less than lze

13.

choose 6 so that the lirst term on

and then choose so large that

0> Hence,

flrst

Le ,

when

oo

the r ight-

the s econd

I'o

-1(0 sln 0x)p (dx) o(1)

cos 0 x P4 (dx) +

l-
)7

((1x) + 2 p (dx )

4

Next ,

(1

If

so that ( 6ince

cos ! x) p4 (dx)

we see that

I Ir z I nn <a*l
J1

<6 xp

1

t
i

)

0(i)

3
Kp

4 4

0

-1p3 = O; and if l( < -, we obtain -!P

and pS > 0) 'xe tnust have p3 = P2 = O

2'

Pz' o

[Note. The reader should perform the exercise of spelling out the more

lnforrative probabllistlc proof describecl after the statenent of TheoreE 7'l

<25) THEOREM.

scalar nultlples)

The quadruple (p ,p1 2 ,o,p ) is uniquely determined (modu 1o
4

by the fact that equation (23) holds for every 0 > O

Proof.

given 1n

This proof j.s a modification of the proof due to Klngman vrhich was

55 of Eogers-witllams [6].

lH : {z e 0 : Im(z) :01, trl' - {z c- 0 : Im(z) > 0}.

Let

Slnce we are i.gnoring the case vhen I.(0)'O,Ylr, we see f t'om (22) th^t

220-f6(0) 1 K . (0,-1 as 0 + -. on dividing (23) by 0 f.t(o), we see that

_io_ + ot -lt = n'_, + o(r).''3 -f (o)
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Define a mappirg h : trl + O as follows:

(26) \zxh(z) = p1 i zp^ + ) p4 (dx) .

lZ:t

(l - e

( o-)

(Thus, h(z) measures the extent to wltich x,-+ e fails to satj.sfy Feller's
+analytic in IH It iscondltion (5) , ) Then h i s continuous on lH and

clear t hat

Re(h) >0 on IH Ib(h) > 0 on IH
,l

(Recat I tllat p- = 0 and.I

This case is one which we

1og h

(27 ) (o)Re(h( 6) )

zero measure exflctly when m(-.",0I = 0.

to ignore-) It follows that the function

P4 j.s the

have agreed

rog jn 
]

j ar'g (h)

Im(h(0) ) .

+

may be deflned as an an.11ytic function on
+fi wlth arg(h) taking values in

G; , Ir. No\,,r, f or O e n \{o}, equation (23) states that

-1f -se

If Re(h(o) )

on B series of

ie countable.

O for sorDe (I € IR\,{O}, then p O and p4 is concen tr at e.l

Re(h(0)) = 0}

1

points

Hence,

in arithnetical progression, and {0 e IR

in every case, for almost all 0 € IR,

-11in arg(h(z) )
z-r0

arg(h(0)) -tan I or (o) l.(28)
0

Slnce the boundary vafues of the bounded harmonlc function

are known alnost everywhere on IR,

trI*. Hence the functlon rog h(z)

constant, so thst the function h(z) is determined in H+

nu l-t ipl l.cative constant. In particular, the values

the functlon Erg h(z)

is deternlned in Il*

+
arg h(z) on Il

1s determlned in

up to an additlve

uptoa

(0 > o)P1 *(2s) h(ie) Pzo + (1- e-0x )p4
(dx)
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are deternined up to a constant nultiplier; and, by standard results, so too

in prectice.

2.2- We contirue on the course napped out

substitute (8) and (22) into (23), th€n we

previ ously 1abe1led as (20):

Note. In 53 below, rxe present

(3 0) c (dr)

a deeper uniqueness result which is more useful

in !1.7. If v"e assurne (B) and

obtaiD the fi)l1o"ing e(luaticln,

Y+
0+r2 2

We shal1 prove the following theoren,

Equation (30) sets up a one-one correspondence betrveen palrs(31) TTTEOREM.

(y, G) sati sfyins (19 ) and triples

4]llqigles) where p Pz

(p ,p ,J) (considered modula scalar
1 2

> O, and ,, satisfles (9).
1

>o

Let us briefly recal1 the logic of the situatlon. A neasure m determine:,

a pair (y,C). Part of Theorem 31 guarantees the existence of a trlple

(p1 ,p2,J) such that (30) holds. Theoren 25 guarantees that

<32) p ( dx) -rxdx e J (dr)
4

and also that (p1,pZ,J) is unique, Conversely, if a trlple (nr,pr,.f) fs

giveo, then Theoren 31 guarantees the existence of a unique pair (y,G) such

that (3O) holds, and l(rein's inverse spectral theorenB guaraltees existence and

uniqueness of the correspondlng n.

1s the quadruple (nr,fr,O,lO).

I .r ra ,'ll,c , ;'- ;
)f + t)

"rl .; (dr)
P, + 'r l-- o ;-' 

_l 
r 1r'" + 0"y
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Remarks on Theoren 31.

(a) On substituting equatlon (32) into the definition of h(12), *here

h is aa at (26), we obtain

-zYP1 *

P1 *

.1o that iI z = o. r- iB, Lhen

h( iz)

Inh(iz) Pzs

P2'

P2'

+ (1 - e )p (dx)
4

+
,.J1!)
r(r + z)

(33) + Idr,, "'"'
Now, we already know fron the proof of Theoren 25 that l&(h(iz)) defines a

nonnegative harmonic fuuction in the flrst quadrant. From the analytlc point

of vlew, the fact that (33) holds - equivalently, the fact that p4 has the

forB (32) - exactly corresponds to the fact that In(h(12)) extends to a

Irq qIeS qq J.ye Lqrmqrlig {unetloq on the whole of H*, and that J 'reflected

ln ls the Polsson representing measure of thls function, See 51.2 of

Dlar-Mcfean [2]. We are unable to give s dlrect proof of the descrlbed

extension property of In(h(iz)).

(b) Theorem 31 1s 'slmllar ln spirit' to a number of knowrr results.

[S] ana u,ork of Reuter and others cited thereln-Ior example, see l(lngBan

(c) As

veriflcat io!)

renarked earlier, sone kind of explanation (rather than

of Theoren 31 i-s provlded ln Paper II

Obtaining (p ,p ,J) from (y,C): discrete case, On takirg
1

, = e2, we see that the followlng Lemma states thEt lf y = O and G consists



77.

of atona of nasses G
I

at poi nt s ,"1i:,)

p
1

p O alrd J consists of atons of masses

(34) LEMMA. Suppose that G

(35)

( 36)

(0 :. i -i n), then (30) holds whorc

J.
1

at /1., (o n).
1

> 0 (0 < i<n) and that

Then there exist strictly positlve constants J (0<i<n) aDri
L

(O<i<n) vith

I

!to
o

1

such that for all z in O (wlth the obvious intelpretation at various polcs)

I
J

+zi I
J

)
t
k

z
k

(z + v ,'/(vl( k

Proof of Lenna 34. First, assume that (36) ho1ds. let z + -\)

to obtain:

in (36)

G.
-1
11J

1

7(,,r)

j

within (O,-), and that the order-

Hence, the values v must be roots of the equation:j

tJ,

But, on

exactl y

r elat lons

(n + 1)

(35)

roots v
o 1 lI

(i I 0) in (36), we obtain:

1-t;

sketchlllg the graphs of the tvo sides of (37) , we see that (37) has

hold -

On puttlng z = -ui

<u
n

,o.,o .lr1 < v1 < ... .t,n',,,.,

G.
_t
. z + l.11

G.
-1. x - u.L1
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J
(38)

(s9)

( 40)

'(". )

kt
k

(v ),/(v
o for ilO

trk L k

We are entitled to augment (38) by the 'normalisation' condition:

,n
t 1

Some elemeDtary nanipulatlons o11 detelmirlnnlls a11ow us 1.o solve (38) and (39)

expllcltly to obtain:

1l (v
kilo

rr (v
k

the equal lty

at most 2i +

o

P and Q (say) whereThen (36) asserts

P-Q 1s of degree

two po1)'non i a 1s

But q,hat we

J
k?.-,

"j)

j
i lk

and lt is lmnedlate from (35) that Jkl/(-'k) > o, so that ,lk

Now, \re can multiply (36) by

[, , ', , -lIl ,,- ,lll ,,-,.J
L; 

,, . vk) r'(vk) 
-l [=. 

,'] 
b=, ,".l

of

have proved is that lf '*e

deflne v^,v.,.,.,v- to be the roots of (37) satisfying (35) and deflne

J vt-a the polynonials P and

1

the constants

(2n + 2) points

lden t 1cal , and

k

11sted Ilence the polynonials P

the lemma is Droved.

2.4. Obtalning (p1 ,p2,J) fr:on (i,G): general case. Nov Iet

(40), then

at (35) .

Q agree at all

and Q are

(y,G) be any palr satlsfying (19). For 0 > O, ve can 'xrite

t



1aJ

Y+
G(dr)

G(dr)

t
I

1.+lA
2 -l c(dr)

r +fl2 2r+ lo -i

2 -1(r + 1) G(dr) on (o,-,), dL-i

r'( r + 1.)

+0

0[0,-)

where

(42)

neasure, 7t

G(dr)

r
- -r10,-

Y+

2 2+0

,\
Since we are ignoring thc casc when the me.lsurc' G i.s a bouniled

*
neasure on |0,'- ]. 1n t]re sense ol ,rcak convergence of bounded oaJiLlres oll

lo," l, we can approliinaLn A h, ".".,.,., " 6(") each coDsjstring or an atom

at O togcther v/ith a finite number of 11toms within (0,''). Ifr-om Lclnlta :i'l ,

we krlow that

2

A(n\
J' '(Jr)

1-f
d 

(,,) (or) Io :1"

for so,e atonlc measur. 3(") which we can take to be a probability

$(n) as n,f @, s,e have
A+J js any $'e ak

on to,-l
li.mit of

-rt0,-)

LO
rr

2
u

r(r + 1)

+e , J(dr)

IzI F (r+1)
t-oo
J1s,-1t" * o"

(41)

J 
(") (a.)

,r(dr)
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J (dr) r(r + 1) J (dr)

p p
2

2.5. Obtalnlng (y,c) from (p

argulent goes

1 2

it is enough to deal with the case when

,J). Because the weak -convcrgetlce

atons, So, assume that

02
t),2

2
0

+

on

.ti -].

J(dr)
f+(0 o,)

p +

(0,,..)

(0, -) ,

J(dr)
1 22r(r + tl )

vhere

itoi,
1

p2

through smoothly,

and J consists of

,p

flni tcl y !nan y

are strictf yJ.
L

p 0
1

(0<i<n) and v
1
(0 < i . n)

1 n

We nust show that (36) holds vhere

(O < I < n) Rre strictly positive.

poslt ive nunb€rs, qnd that

,2

1uo = o and Ll (l-<1<n) and c
1

Clearly, 11,e deflne

the order relations (35)

ul , u2, . . . , un to b€ the unique nu[bers sati.sfying

$,hich are roots of the equation:

J
kt o(u - ." lTiv )k k

We put lr0 O, OD comparlng the resi"dues of the two sldes of (36) at

aod using 1'HopitaL's rufe in the usual way, we see that we must take
1

JkI
k 1

,k

2(v. - u.)t(1

p

JI
G (i = 1,2,...,n)l(u )k k

T

k

<43)



2l .

But for }l>O,

k
T

v
k

k

Hence for i = 7,2,..,,n,

Jk

Lr k u) /( vk)

JJ

J

L.

ku

ii,
h

u (v

Ju k
x

'k' u

T

.)t (vk

I,i
l-' p;,/1v

,, 
('k- )k

k

J

and G > 0. Of course,

{(,,

Go

t
k

(tJ . /\ . ) (i,J. /'. .lIKK

k
0

}L ll (!
i ) )t k

i

(44)

To shov that (36) must hold if the G. (O <

and (44), we can apply the 'polynomialI argument

appeal to the Mlttag-Lelfler theorem,

The proof of Theorens 31 is now complete-

i < u) are def i.ned via (43)

at the end of i2.3, or else

2.6. Notes on equation ( 21) . The Gl'eenwood-P i tma! paper IsJ explalns

very clearly the probabilistlc slgnificarrce of equation (20) viewed as a

Wlener-Hopf factorlzation of i, " A-1 , ard equation (21) nakes up one part of

the Greenvood-Pi tman path deconposition.

The partial result provided by equation (21) also adnits a direct proof

by our rEartingale method. If n cousists only oI a flnlte number of atoms

s,lthin (-.,,O1, then we can find a bouDded functLon gO on m such that

e
N t

-2 0exp(-|0-t)gr(Ba) defioes a martingale N

r, 0.



simple proof ot (21>, and to some substantial

0
and we can prove (21) by appl)'jng tlie optional-sampling theorerm to

A weak -convergencre zrr'gunerlt completes tlie pro.rf .

N

Paper II polnts to a

general i sations .

The kev uniou{)rress t hecrren

l
sa pling theorem to the .nartingal e [1

0
1, r::t f M F1, P1,0'

Suppose tbat B startis ai. x \rllere x 0

J c1;c, hav.r tl!eiI no\r-fix[iLiai 51!,nificance.

IrJ pi I\ jrt thc opl ional-

+
of (1O) .!l time rt, v,3 obtain:

a"r - <vlt -30 t(45)

Now,

'{hi 1e, if

than 1.

of the

x

then the

(l

larv of Y

(x) (Yr'

I

f 0) .

We sha1l prove that the P is unr quely dcterminecl by (45)t

il P1 = o' +x
P

+

t

law of Y 15 a robabilit measure,t

The desiied uniquencss resul1-

fol lovi!19 theor.lm.

xD : O. thcn the P lau of'1 is a measure of total mass less

is therefore arr imrnediate consequence

are probability measures on the open

fe,(y)tr^(d.Y),

(46)

(1)

lnterval

(47)

THEOREI!1.

Suppose that U and ]j
1

(0, -) such th,it

1

(if) Suppose that p > O. If U

v0 > o{ 
{. 

(y) }1(dy)
(0,-) (0,-)

Then u lz

1

(0,-) such that (47) hoIds, then ll

1l
2

..1 

21

1
and are finite measures on



Notes.

(a)

rep18.ced

then 1n

Obsenve that

to,-).

functlonal

part (i)

For if p 2= O and

measures,

aL 0.

cos [ly +

would be false 1f the interval (0,-) were

by

the

p p4 ir; a probability measure,I

notation for dve have r,4 ( f,. ) (f
00 )

Y0 > 0 where is the uni t mass

(b) The case when f (0)

Proof of (1).

6
o

coslne- transform theoren. !{e continue to ignore that case-

must oi course be interpreted as the

and lJ are robabllity measures on (0,-)
2

Becausi] of the ffiener-Hopl factorj.zation (3O), we naysuch that (47)

Suppo se

ho 1ds .

rewrite (47) as fol lows :

(48)

where

(y)
frl
I llrKrdrr Ilf,D + l-, -L rt
t'2 | 2 2l
i lr + tr I,l

u.

Jo,,t"',t0" '
ju,"'','0" Ytl 0,

2
0

0

+r Ii(dr
a

-1

_1

{z

h(z) z p

sin 0y

K(dr) being the r J(dr) of our prevlous notatlon. Recall that

1 2+r

0: Im(z) > O), ni+ = lz e 0: In(z)

(r + 1) J (dr)

IH o],(

1 2
1p Z f r,*,.',

)T- *

Then h is anslytle lD IH '"

(of course, a no longer has

and continuous on IH. Moreover, lf

the signiflcance it had at (2)), then

z=a+ ib

As before, def lne
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Reh(z) PL* ^P2 
* b(r+ b) a+

( 49)

( s0)

( 53)

x(dr) > O on rl \{O},

But 1et us

2(r+b) + a

60 that hlO on ]I{\{0}

For j 1,2, define I;:IH -z C by the equation:

t

l

{,,,
j" "! (dY)'l1 (z) (1 - e )u.(dv)

J
1j

and for z e IH\{o}, define:

(s1) v j(z) ii (z) / t1( z) .j

Then Y
+ls analytic in III and continuous on IIl\{0}.

J

Now, equation (48) states that

(52) ImV (0), v0 > 0.
2

Moreover, it is triviallJ' true that

ImY, ( i 0) Irnl'r(i0), v0 > o,

beca.use both sides of (53) are zero, We would like to conclude that

( 54) ImY, ( z) ImY (z) for all z in the flrst quadrant.
2

To do thls, we need to establlsh appropriate growth condltlons.

aasume for the moEent that (54) is proved. Then

1
(z) (z) + c in the flrst quadrant,

2
t/v

where c is a real constant, Thua,

prefer, teDding to) ie {ith U 2 O,

fron (5O) wi th

we obtain

equal to (or, lf you

InY, ( 0)



(0,-) not lO,-).I llence

nrust Dow prove (54).

open f i rst quadraot and

al O, is de teini nod

+

0 r ,", it is trivial to show thatBy examining what happens when

[Note ttat lt ls here that we

(55)

on

in rhe

perhaps

enough

z func t i oi)

-1

(1- e
-0y

Dot to the

)ir2(dy) cIn, + oro +

j

(1- e ')nnta,',

1S

I
l

)

c=O

need the fact that the

To ensure that a function C, whlch is harmonic

continuous on the closed first quadrant except

p.
J

are probabillty measures

'1 2

to show that g is bounded near () and that S(z)

by its values on the edges of the quadrarlt, it

= o( ,-l) as

functlon \Y

quadrant.

we need to

(56)

<57 )

Note that

We apply thle princlple

,<\/z), that is, to the
J

Transl ating back to the

eatabllsh:

Y (z) but to the

on IH, so that if

function az def{ ned on the fourth

first quadrant, we see that to prove (54),

*J

1y

J
(z) is bounded near ,- (within the first quadrant) ,

lr (4e), lnl p<2 on lH
J

P1 t o then (see (50)) ]'l:

It remalns to

1

IH , and (56) and (57) fo11ow.

when [As usual , we ignore the

X ls zero- The theorem ia classical in

K(dr)

< 2t)

FIom

-l
1 0n

case when (O, I 0

that case. -l I'rom (49),

proYe (56) and (57)

and) the measure

D =O'1

b(r+b) + a
2 2(r+b) +a

2 2
1 b

2

I ,<"1 
I

r +a +b
K(dr) > 1l+- K(d.)-Jr- + 1

I - n,

],r-. 
-)rr1(dr')

zv.(z) ') 0 as z -, O (within the first quadralt).

2L+
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vhen l"l and ( 56) fol1ows. Next,t.

z,l . (z) ,"y' [ *,o.,
]. 

- j-j

(z) +0 as z.r O, and if a

:

j

Il - ip

2 22
b <8 , then

l

But ir +j

The result (57) fol 1o,rs, and the ptoof oi part (i) of the theorem is completc. I.

Proof of (j j.). Assume that p1 t O. Suppose that Bnd U are fini te

t.
Pz * 1

{._..

J""",r0"

r
t:

d

+

I

l.

p
1 2

measures on (0,-). Using the modified definitions:

\z ) (i = 1,2),u

-1we transfer the proof of part (1) in the obvlous way, the bound lV

maklng everythlng easy.

<p
J 1

il

It
lli(dr), - I (b+ r)K(Jr)P'r'''i- i, Pr'| -- z z- )' " 

.l t,-b;-+n-
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